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Part Four 


HOMOLOGICAL MANIFOLDS. THE DUALITY 
THEOREMS. THE y-GROUPS (COHOMOLOGY 
GROUPS) OF COMPACTA 


Polyhedra occupy an intermediate position in topology. For some 
purposes, the class of figures encompassed by polyhedra is too wide; for 
others, too narrow. It is too wide from the point of view of the wealth of 
concrete geometric facts and problems which are revealed when one passes 
from general polyhedra to the special case of manifolds, which have proved 
to be one of the fundamental and central objects of topological research. 
On the other hand, the elass of polyhedra and their topological images 
proves to be too narrow and adventitious if one is interested in the more 
general concepts of modern topology. One then seeks a natural class of 
figures broad enough to allow these concepts, without ceasing to be geo- 
metrical (that is, without losing their original connection with our spatial 
intuition), to reveal the mathematical essenee, in all its fullness and di- 
versity, of this set of geometric objects. In short, more general concepts 
require a wider and more abstraet field of application, and it is then neces- 
sary to include, at any rate, all the compacta and, apparently, even all the 
bicompacta (bicompact Hausdorff spaces). We wish to emphasize once 
more, however, that our object is not to generalize for the sake of generali- 
zation, but to understand the deeper laws governing a broad, difficult. and 
diverse field of mathematical phenomena. 

It is therefore not surprising that we discern two clearly distinguished 
directions in topology: the topology of manifolds and the topology of bi- 
compact and locally bieompaet Hausdorff spaces. 

Each of these main fields has many branches; in this book we can con- 
sider only the simplest and most fundamental results of a few of these 
subfields. We discuss those parts of the theory of manifolds and bicompact 
spaces which can be treated by homology methods. The rigorous treatment 
of homology theory was begun in Chapter VII, and the methods introduced 
there and in subsequent chapters are used throughout the rest of the book. 
In this part of the book we shall sce that both main branches of topology 
meet at. one of the highest points common to both: in the Alexander- 
Pontryagin duality, which is the culmination of Part Four (see Chapter 
XIV). 

The common parts of both branches (manifolds and bicompact. spaces) 
may also be investigated further by means of the homology rings of locally 
bicompact spaces. Unfortunately, this subject is outside the scope of 
the book. 


2 HOMOLOGICAL MANIFOLDS (h-MANIFOLDS) 


The homology theory of compacta, one of whose main adornments is the 
Alexander-Pontryagin duality, can be developed in two ways. One possi- 
bility is to transfer to compacta the fundamental notions of A-cycle and 
A-homology and to use these to define the A-groups of compacta. We used 
this method in Chapters XI and XII; the full development of this method 
leads unavoidably to topological homology groups and to the use of bi- 
compact topological groups as coefficient domains (see Pontryagin [a]* and 
Steenrod [a]). 

The second method is to generalize the V-theory to compacta and bi- 
compacta. This method was first proposed by A. N. Kolmogorov. The 
rariant of this theory which is developed in the book is closely related to 
the V-theory of ordinary complexes. 

In the case of topological spaces the decisive advantage of the V-theory 
over the A-theory is that the former does not require the use of topological 
groups. Although it appears that the V-theory is more suitable to the 
investigation of figures more general than polyhedra, both theories are 
essentially equivalent, since they are dual to each other in the sense of the 
Pontryagin theory of characters. 

Chapter NIV is devoted to the introduction of the fundamental concepts 
of the V-theory and to the proof of the Alexander-Pontryagin duality. This 
proof depends on the combinatorial form of the duality (which is a theorem 
on subcomplexes imbedded in a combinatorial A-manifold) treated in 
Chapter XIII. The elements of the theory of A-manifolds is given in 
Chapter XIII. The first definition of h-manifolds given in that chapter is 
an invariant definition based on the concepts of Chapter XII. But this 
dependence is only apparent, because only a few lines later we introduce 
the concept of a combinatorial h-manifold (a notion independent. of Chapter 
XII) and it is this concept alone which is used in the remainder of Chap- 
ter XIII. For this reason, Chapters XIII and XIV can be read without 
first reading Chapters XI and XII. In that case, however, XIV, 3.3 should 
be omitted. 

The concept of h-manifold (introduced in 1926-1927 at approximately 
the same time by Alexander, Pontryagin and van Kampen) is the most 
natural generalization of manifolds for the purposes of homology theory: 
the definition singles out the local homology properties of ordinary mani- 
folds —the homologieal homogeneity and simplicity of h-manifolds is more 
accessible to investigation than topological homogeneity in the large. In 
addition to the elementary theory of h-manifolds and the combinatorial 
form of the Alexander duality, Chapter XIII treats the Poincaré duality 
and the stronger form given it by Veblen. 

In Chapter XV we deal with the more elementary form of the Alexander- 


* See the references listed at the end of the book. 
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Pontryagin duality, the duality as applied to curved polyhedra (in particu- 
lar, the Jordan-Brouwer theorem). The exposition here depends only on 
Chapter XIII and on the simplest notions of Chapter XI; it is completely 
independent of Chapter XIV. The simpler form of the duality, which we 
call the “little” duality, is preceded by the theory of linking in Euclidean 
n-space. This theory belongs to the classical elementary parts of topology 
and should have its own interest for the reader. 

As references for the questions discussed in Part Four we may cite, in 
addition to the paper of Pontryagin alluded to above: Aleksandrov [f (see 
vol. 1, Bibliography): k; 1], Kolmogorov fa; b; ¢; dj, Alexander [b], Steenrod 
[a]. These papers contain references to the earlier literature. 


Chapter XIII 
HOMOLOGICAL MANIFOLDS (A-MANIFOLDS) 


$1. Definition and simplest properties 


§1.1 Definition of h-manifolds. 

Derinirion 1.1. An n-dimensional homological manifold, or simply an 
n-dimensional h-manifold, is a connected n-dimensional polyhedron whose 
local integral Betti groups in cach point are isomorphic to the local Betti 
groups of Euelidean n-space. 

In other words, an n-dimensional h-manifold is a connected n-dimen- 
sional polyhedron ® with the property that for every p € ® the group 
Ap (È, J) is infinite cyclic, while A, ($, J) = 0 (the null group) for 
every r <n. 

ReMaRK 1. We shall prove in Remark 3 that if ® is an n-dimensional 
h-manifold, then A, (®, 9D, r < n, is the null group and A," (®, M) is 
isomorphic to Y for an arbitrary coefficient domain M. 

Theorem 7.2 of XII implies 

1.11. If ® is an n-dimensional k-manifold, then every triangulation Ka 
of ® has the following property: 

1.111. If Oa = Ox,T a, Ta € Ka, is an arbitrary star, the group Au (Oa) 
is infinite cyclic and Ad (Oa) = 0, r < n. 

Reman 2. Hence it follows from XII, Theorem 7.2, Corollary 5 that 
every (n — L)-simplex of A, is incident with precisely two n-simplexes. 
Moreover, Ka is clearly a pure complex (VI, Def. 5.24). If a triangulation 
of a polyhedron ® has property 1.111, so does every triangulation of ®; 
hence ® is an n-dimensional A-manıfold. Thus, the n-dimensional sim- 
plicial complexes satisfying 1.111, and only such complexes, are isomor- 
phic to triangulations of A-manmfolds; these complexes are called com- 
binatorial h-manifolds. 

In this chapter we shall have to do only with combinatorial h-manifolds 
and, therefore, the discussion will be essentially independent of XII. The 
invariance of the h-manifolds, however, follows from the results of XII. 

Remark 3. A consequence of IN, Theorem 4.1 is the following proposi- 
tion: If Ay (Oa) = 0, r < n, and 4i” (Oa) is infinite cyclic, then A (Oa , 0) 
= Oforr < n and A"(O,, MW) is isomorphic to W. This implies the asser- 
tion in Remark 1. 

Remarx 4. An immediate consequence of Def. 1.1 and XII, Def. 6.2 
is that every n-manifold (see 1, 5.3) is an h-manifold. 

$1.2. Elementary properties of /-manifolds. 

1.21. If K is an n-dimensional combinatorial h-manifold and e is a vertex 
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of K, the star Oxe is an n-dimensional orientable pseudomanifold (see VHI, 
Def. 3.11 and XI, 4.81). 

In fact, since X is a pure n-complex, it is easy to see that Oxe is also a 
pure n-complex. 

If T”" is an (n — 1)-simplex of Oxe, Oxe contains the two n-simplexes 
incident to T" in K. 

We shall now show that Oxe is a strongly connected complex. If this is 
not the case, then Oxe contains two n-simplexes Ty" and Tapi” which can- 
not be joined by a chain of n-simplexes. Denote by 7", +--+, 7," those 
n-simplexes of Oge which can be connected with 71" by chains of n-sinı- 
plexes and let Ti", +++, Tup” be the remaining n-simplexes of Oxe. Let 
K’ be the complex consisting of the first kind of n-simplexes and those of 
their faces which belong to Oxe and let A” be the similarly defined complex 
for the second kind of n-simplexes. Then A’ and A” are closed in Oxe, 
Orge = K’u K”, and dim (K’ n K”) < n — 2. Since e is a vertex of all 
the elements of Oxe, and hence is contained in every nonempty closed sub- 
complex of Oxe, it follows that X’ a A” is nonempty. 

According to the definition of A’ and A” it follows further that if 7" 
is an (n — 1)-simplex of either complex, then both n-simplexes incident 
with 7” belong to the same complex, K’ or K”, which contains 7771. 
Therefore, assigning to every n-simplex of A’ the coefficient 1, we obtain 
an n-cycle (mod 2): 


z" E Za (K, Ja) = Za” (Ore, Ja). 
In the same way, the analogous n-chain in X” is a cycle (mod 2): 
ze" € Za" (K”, J2) S Za” (Ore, Jr). 


Since the eyeles 21” and 22” are not zero and are both in Za”(Ore, J2), the 
order of Za” (Oxe, J2) = A"(Oxe, J+) is greater than 2. Since Au"(Oxe) is 
infinite evclie and Au” (Okre) = 0, it follows that (IX, Theorem 4.1) 
A”(Oxe, J2) is of order 2. This contradiction shows that Oxe is strongly 
connected; hence it is an n-dimensional pseudomanifold. 

Since Ay’ (Oxe) # 0, Ore is an orientable pseudomanifold. This proves 
1.21. 

THEOREM 1.22. An h-manifold is a elosed psendomanifold. 

Proof. Let K be a triangulation of an n-dimensional h-manifold. In view 
of 1.1, Remark 2, we need merely show that K is a strongly connected 
complex. Suppose that this is not so. Then X is a union of two nonempty 
pure n-dimensional closed subcomplexes A’ and A” whose intersection 1s 
a complex of dimension < n — 2. Let e be a vertex of kK’ n K”. Then 


Oge = (Oren K’)u (Oren K”). 
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2 z ee ; ot = 
Since e € A’n K” and K’, K” arc pure complexes, it follows that Oxe n A 
and Oge n K” are nonempty pure complexes. They are closed in Oxe since 
K’, K” are unrestricted complexes. Finally, 


(Oren K’) na (Oken K”) C K'a K”; 


hence the dimension of (Oren K’) n (Oren K”) does not exceed n — 2. 
Consequently no n-simplex of Ore n K’ can be connected to an n-simplex 
of Ogen K” by a chain of n-simplexes. Therefore, Oge is not strongly con- 
nected and so it cannot be a pscudomanifold. This contradicts Theorem 
1.21 and proves Theorem 1.22. 

Theorem 1.22 justifies 

DEFINITION 1.23. An h-manifold is said to be orientable if it is an orien- 
table pscudomanifold. In the contrary case it is called nonorientable. 

1.24. In the notation of 1.21 the boundary Bxe of the star Oxe ts an (n — 1)- 
dimensional simple h-manifold for n > 2. [A pseudomanifold (in particular, 
an A-manifold) of dimension n is said to be simple if it is orientable and its 
A’-groups are null groups for 0 < r < n] 

Proof. By VIII, Corollary to Theorem 1.55, Ao '(Oxe) is isomorphic to 
Ao (Bre) for r > 0. This fact and 1.111 imply that Ao (Bre) = 0 (0 <r 
< n — 1) and that do” (Be) is infinite cyclic. 

It remains to be shown that the groups Ao’ of the star of an arbitrary 
element T of Bre relative to Bge are null for 0 < r < n — 1 and that 
the group Ao” of this star is infinite cyclic. Both assertions follow on set- 
ting Bre = B in IV, Theorem 2.31. Then OxeT = cOgT and by VIII, 
Theorem 1.550, the groups Ao (OT), Ao” (OxeT) are isomorphic. (This 
proof of Theorem 1.24 is due to L. S. Pontryagin.) 

$1.3. The case n < 3. Every one-dimensional closed pscudomanifold is 
homeomorphic to a circumference (VIH, 3.1, Example 1°); since a cir- 
cumference is a manifold (hence certainly an h-manifold), it follows that 
the concepts of closed pseudomanifold, h-manifold and manifold coincide 
forn = 1l. 

Turning to the case n = 2, we note that there are closed orientable 
pscudomanifolds which are not A-manifolds: for example, a manifold of 
this sort is obtained by identifying two distinct points of a 2-sphere (sec 
Fig. 122). 

We know, further, that there exists an infinite set of closed 2-manifolds 
(closed surfaces) no two of which are homeomorphie, and that this set 
contains an infinite number of orientable and an infinite number of non- 
orientable manifolds. We shall prove that the set of closed surfaces ex- 
hausts the class of two-dimensional h-manifolds. 

Indeed, let A be a triangulation of a two-dimensional A-manifold |, X || 
and let e be a vertex of K; then Theorem 1.24 implies that the boundary of 
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the star Oxe is a closed one-dimensional combinatorial pseudomanifold, i.e., 
a closed polygon without multiple points. Hence the body of Oxe is homeo- 
morphic to the interior of a circle. Thus, every two-dimensional h-manifold 
is a manifold. 

We prove, finally, that every three-dimensional h-manifold || X || is 
also a manifold. To this end it is sufficient to show that the body of an 
arbitrary star Oxe (notation as above) of A is homeomorphie to the in- 
terior of a three-dimensional solid sphere (an open 3-cell). This will follow 
if we show that the body of the boundary Bxe of Oxe is homeomorphie to 
a 2-sphere. But, according to 1.24, the complex Bxe is a simple two-dimen- 
sional h-manifold, that is, the body of Bre is a closed surface whose one- 
dimensional A-group isthe null group; this means that the surface is homeo- 
morphic to a 2-sphere, and this is what we were to show. 

We have proved the following proposition: 

1.3. Every n-dimensional closed h-manifold is a manifold for n < 3. 

We note that this is no longer true forn > 4; for each of these values 
of n there are closed h-manifolds which are not manifolds. The fact is that 
for arbitrary n > 4 there are closed (n — 1)-manifolds (the so called 
Poincaré spaces) which are not homeomorphic to the (n — 1)-sphere but 
whose A-groups, in spite of this, are isomorphic to the A-groups of the 


(n — 1)-sphere. Assuming that this fact has been proved, we take in 
5 i D ’ 
RT a polyhedral complex A, which is a triangulation of an (n — 1)- 


dimensional Poincaré space; we assume also that all the vertices of K are 
in general position. Choose two points eo and e in R°”*' so that the set 
cousisting of these two points and all the vertices of X is in general posi- 
tion. If each point of A is connected to both points ea, ei by straight line 
segments, we obtain two pyramids with common base A and vertices eo, 
e,. The union of the two pyramids is an n-complex A"; it is easy to see 
that A“ is a triangulation of an n-dimensional h-manifold. However, A“ 
is not a manifold, since Oxeo and Oxe, are not homeomorphic to the in- 
terior of a solid n-sphere (an open n-cell). 

Hence the construction of Ah-manifolds which are not manifolds is re- 
duced to the construction of Poincaré spaces. 

The following example, taken from Seifert-Threlfall (see vol. 1, Bibliog- 
raphy, [S-T; p. 216]), is apparently the simplest example of a three-dimen- 
sional Poincaré space. The required manifold is obtained by identifying 
opposite faces of a dodecahedron, first twisting one of each pair of opposite 
faces through an angle 7/5 relative to the other. The exact scheme of this 
identification is shown in Fig. 138, which shows 11 faces of the dodeca- 
hedron; the twelfth face is the exterior of the figure. The identification of 
the elements (vertices, edges, and faces) is indicated in the figure by the 
assignment of the same letters or numbers to the elements which are to be 
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identified. In particular, the twelfth face is denoted by J. For a proof of the 
fact that the result of the identification is indeed a three-dimensional 
Poincaré space the reader is referred to Seifert-Threlfall ([S-T; p. 216 ff.]). 

$1.4. Barycentric stars and h-manifolds. Let X be an n-dimensional 
h-manifold, and let Ay be the barycentric subdivision of the complex X. 
The following proposition is of fundamental importance in the theory of 
h-manifolds: 

1.4. AU the barycentrie stars of the complex K are simple pseudomanifolds. 

Proof. The theorem is obvious for n = 1; assuming that it is true for 
n — 1, we prove it for n. 

To this end, let e be an arbitrary vertex of A and assign to the centroid 
of each simplex T” € Ore, r > 0, the centroid of the face TT of T” opposite 
the vertex e. 

It is easy to see that this assignment isa (1—1) simplicial mapping (iso- 
morphism) S of the outer boundary B* of the barycentric star T*"(e) 
dual to e onto the baryeentrie subdivision (Bre), of the complex Bxe 
(Fig. 139). This mapping assigns to every simplex of B* with first vertex 
the centroid of some 7” = eT” ' € Ore, r > 0, the simplex of (Bre), with 
first vertex the centroid of 7” € Bre. Hence, it follows easily that every 
baryeentrie star of X contained in B* (i.e., every element of the bary- 
centrie complex dual to the triangulation A which is a subeomplex of 
the complex B*) is tsumorphie to a baryeentrie star of Bre (that is, to a 
baryeentric star which is an element of the barycentrie complex dual to 
the triangulation Bre). 

But Bee, by 1.24, is an (n — 1)-dimensional A-manifold. Hence, by the 
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inductive hypothesis, all the baryeentrie stars of Bre are simple pseudo- 
manifolds; consequently, all the barycentric stars of K on B* are simple 
pseudomanifolds, Since every barycentric star of A of dimension < n — 1 
is on the outer boundary B* of some n-dimensional barycentric star T*”(e), 
we have proved that every baryeentric star of K of dimension < n — Lis 
a simple pscudomanifold. 

We need merely prove now that every n-dimensional baryeentrie star 
T*” (e), i.e., every star dual to a vertex e of A, is a simple pseudomanifold. 
But this is an immediate consequence of 1.24 and of VIII, Corollary to 
Theorem 1.55 (also of 1.11 and the fact that 7*"(e) is the star of e in the 
complex Kı). This completes the proof of Theorem 1.4. 

Remark. We have proved incidentally that the complex B* [the outer 
boundary of the baryeentrie star 7*"(e)]| is isomorphic to (Bre)ı (the 
baryeentrie subdivision of the outer boundary Bre of the star Oxe). 


$2. The barycentric complex of a combinatorial h-manifold 


$2.1. Notation; preliminary basic facts. Let X be a triangulation of an 
n-dimeusional A-manifold || A |. We denote by A, the barveentrie subdi- 
vision of K and by T? the p-simplexes of K; *71;" (p + q = n) will stand 
for the barvceentrie stars dual to the simplexes 7';”. According to 1.4 and 
IV, 5.24, the baryeentrie stars of K form a fundamental system of subeom- 
plexes of the eomplex Kı (X, Def. 2.21). The same theorems imply a stronger 
form of this result, which we formulate below. 

Let K* be the complex of all the barycentric stars of A and let Ay* be 
a closed m-dimensional (m < n) subcomplex of A*. Denote by Au G Ay 
the barycentrie subdivision of Ko* (see IV, 5.4), that is, the union of all 
the barycentric stars (as subcomplexes of Ay) which are elements of Ao*; 
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we know (IV, 5.4) that Ko is a triangulation. With these conditions, IV, 
Theorem 5.24 and Theorem 1.4 of this chapter imply that the elements 
of Ko* form a fundamental system of subeomplexes of the complex Ko . 

From this and X, Theorem 2.32 it follows further that: 

2.10. If *t," are arbitrary orientations of the stars *Tu € Ko*, then the 
*, form a fundamental system of chains (X, Def. 2.31) of the complex 
Ko. 

If Ko* = K*, this theorem becomes 

2.1. The system of all oriented barycentrie stars *t,;' of the complex K is a 
fundamental system of ehains of the complex Ky . 

We formulate separately the propositions expressing the fact that the 
fundamental system of chains *f," satisfies conditions 3° and 4° of X, Def. 
2.31: 

2.11. Every homology elass 


3 € A(Ku) 


eontains the barycentric subdivision sız* of a eyele 2* = I, ačhř. 

2.12. If a cyele a" = sız*, where 2* = D> att, is homologous to zero in 
Kı, it is the boundary of a chain «" = et". 

$2.2. The complex §*. We shall now construct, by the rule of X, 2.4, 
the a-complex S%*, defined by the fundamental system of chains *hr. 

The elements of the complex &* will be denoted by +%*¢,’, where *t,7 
corresponds to *4; and —*t; to —*hr. Since the pair of chains *4,’ and 
—*t,," is completely defined by the orientable pseudomanifold *7,/ (as the 
pair of its orientations), the a-complex * is completely defined by the 
complex A* m the same sense that a simplicial complex Ay defines the 
a-complex of its oriented simplexes. Hence, extending this analogy with 
simplicial complexes, we will denote the groups 

L'(8*), Z (R*), ACH), V'(S*), ete. 

by 


L'(K*),  Z'(K*),  ACK*,  V’CK*), etc. 


respectively. 

We may now state the following fundamental result on the basis of N. 
Theorem 2.5: 

VireonreM 2.2. The groups 


AK), A Clea), NOK) 
are ~omorphie; the groups 
VK), VK), V(K*) 


are also isomorphae. 
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§3. The intersection number, the isomorphism /)’ and the Poincaré duality 


$3.1. The intersection number (t)” X *4*). Let || A || be an orientable 
n-dimensional A-manifold and choose a definite orientation of the com- 
binatorial h-manifold A, that is, orientations 4", +++, kyan” of all its n-sim- 
plexes such that >> £” is a cycle. Denote the induced orientations of the 
n-simplexes of Ay by tu. 

We consider an oriented simplex 4” of K and the barycentric star 
*T)) (p + q = n) dual to the simplex | 4” |, and give this star an arbitrary 
orientation *i,;". The assignment of the orientation *é4," is equivalent to 
the assignment of the element *1 of the cell complex A*. Let | ty” | be a 


simplex of Ay contained in 16° |: 


P| 
| fy | = (1 5(0) Gy ey na ro-a), 
where aro < Gua < ee < ai (see IV, 5.1, where the vertices are writ- 
ten in the reverse order), i.e., Qiu , duo, „Au are the centroids of the 


faces 
Di < Tiy << Tion” < T? 
of the simplex 7? (Fig. 140). On the other hand, let 
te | = (Millin tt Ari) 


be a g-simplex of *7,°, with 


Qi L Qi St [L Gis 
LC, Gir, Goih, "> Arm are the centroids of the simplexes T < 
rp o + . . i q n ° 
Tiare) << Tim”. We give the simplexes | ty” | and | 4."{ orienta- 








Fıc. 140 
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= 


tions coherent with the chosen orientations 4” of T? and *h of TV", 
respectively. Let these orientations be 





P 
hy? = € | Gino + Aiti |, | 
; €= +l; = +1 
ly = 7 | Aioli °° Ulio) |, | 
The simplex (arity tt Qigp—yGri@ricps) tt Guy) Is a simplex | tn” | of 


K, contained in Fi”, where in” denotes that orientation of the simplex 
| in” | induced by the orientation of the whole h-manifold A. Then 


7 


7 
in =y | Qi) 60° Alii Allip °°" Gin |, 


where y = #1. 

We shall prove that the number eny = #1 is independent of the choice 
of | tu” | and | tw? |, and consequently depends only on ¢,”, *t:;7 and the 
prescribed orientation of the A-manifold X. 

The barycentric subdivision of the simplex | 4” | consisting of the sim- 
plexes | fy” |, | Gur” |, -+: and their faces is a strongly connected complex. 
Therefore, if we prove that the number eny remains unchanged when the 
simplex | 4,” | is replaced by a simplex | dy” | having a common (p — 1)- 
face with | 4,” |, we shall at the same time have proved that eny is inde- 
pendent of the choice of | t” |. 

Hence, suppose that | 4,” | and |tw” | have a common (p — 1)-face 
(duio tt Guia- *** Au), So that 








Lew? | = (am ‘Am **" Mr), 
| tiw” | = (iio) ttt Uwy Au). 
Then the simplexes 
| in | = (io + Ai t AAI 6° Gig) 
and 
| tin” | = (Qw te = lion re) 
have a common (n — 1)-face 
(driw 8 Gp Danie) ot Align t Arm): 
If 
lea’ =e | Mw Aut dai | 
and 
lu = r | do tr iign tr Gi | 


>l >» . . . 
and 27 is any orientation of the simplex 


(wi 60? Augy °° ° Ai), 
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pri 
t = | M150) °° * Alili) °° Qui l, 


then 


Cast) ie re ae 


since fy” and he” are coherently oriented and are situated on different 
sides of their common face. 


But 
Cig T FSN a 
OR E (— 1) et: 
Hence € = —e. Analogously, if the orientations 
In" = y | Qi +++ Gia s+: Qiii) + Aliq) | 
and 
tine” = y | QUD O AUY I ALAH) *°* Ariqny | 


are equal to the orientation lo)” and are therefore coherent, and 


CTI = | ao te Aria-naaın 66+ Anio + Ari) |, 
then 
(lat) = — (al), 
(in) = (1%, 
(tye!) = (1, 
y = =y. 
Therefore, 


eny = (—E)n(—y) = em, 





so that cny does not depend on the replacement of |t” | by | fy” |. In 
exactly the same way, using the strong connectedness of the complex 
*T,;" we prove that eny is independent of the choice of | 1,” |. 

DEFINITION 3.1. The number eny = +1, depending only on 4”, *4? 
and the prescribed orientation of the h-manifold K is called the intersection 
number of t? and *#;7 in the oriented h-manifold K* and is denoted by 
PX. 

Remark 1. Let R”, Ri”, Ru’ be the carrying planes of the simplexes 
ta”), | Gy” |, |i |, respectively, oriented in the same way as in”, Gu", 
fy". Then (4? x *L°) is precisely the intersection number (Ru? X Bu”) 
defined in VII, 2.1. 








14 HOMOLOGICAL MANIFOLDS (h-MANIFOLDS) [eu. XIII 


The intersection number (¢;” X *4°) is, by definition, set equal to zero 
for h # i (that is, if the barycentric star *7),7 is not dual to the simplex 
TP). 

Remark 2. lf ¢;? (*t:‘) is replaced by —t;:” (—*t,;"), € (n) changes to 
—e (—n). Hence 


((—-t") X *t) = (4? X (-HN)) = -(t? & *t,"). 


Furthermore, if the given orientation of the h-manifold X is replaced by 
; 7 : : en 
its opposite, y changes to —y. Hence the intersection number of t,” and 
*,° changes sign if the orientation of the h-manifold is replaced by its 
negative. 

$3.2. The intersection number and the incidence numbers. 

Lemma 3.21. If | G| < | t |, then 


(3.2) (1? x 0) = GP YET KL a x TD, 


Proof. Since |t;""" < |4 | implies that | *47} < | *t;77!] and hence 
that (HT) = 1, U) = 41, it follows that the right and 
left sides of (3.2) are both equal to 1 in absolute value. We need only 
show that both sides have the same sign. 

We consider first the very important special case 





9c P Pprly _ x; Atl, q 
(3.21) (PUP) = 1, Ces) = 1. 
Let 
p SE 
hu | = (aiio Sr Aip-»dı di) 

be a simplex on (contained in) | 4” |, with aro), +++, Gion , diz, Au the 
i un: rm 0 rm p-2 + p-l m qe 
centroids of Tin << Tina" < TPT < T? (Fig. 141); and sup- 
pose 

1 qtl 1 = r ryt + 

| lio j= (aj ain = as Gm) T *7 ij! . 





Qin: > 
iwa) 


Oo» a; 


Fic. 141 
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44l 


m . à h +1 aty 
The orientations I,” and he of |t” are taken to be co- 


herent with the orientations 4? and *h; 





and | tie 
atl, 





Pp atl 


ly = € | Ayo) aali |; lie = n | Azlrslriprı) °° Alil) |. 
Then | h ™ | = (anw e a) is on |] < |t|, so that if 4,7" = 
€ | ano e agl, we have 


Gite). = Si" 
Hence, if sf,” is the baryeentrie subdivision of the chain 4”: 
at? = ty +, 
we get 
(3.210) Asi,” = At,” + +--+ =(-1)"h,"? + 
But 
Ast? = si At,”, 
and according to (3.21), 


Melt; 


therefore 

At? = st +, 
that is, 
(3.211) Ast? = sf?" H e. 


Comparing (3.210) with (3.211),-we obtain 
tel) + 


=f " 
ti,” | is coherent 





It follows that the orientation (—1)”ty,”” of the simplex 
with the orientation LP’ of its carrier 1” |. 


Similarly, 
i fa,” | = (a1:Qricp+y) mks Ario) € a < iar. 
so that if lis = 7 | Alili) tl Uila) |; 
ea el, 
But 


a+l 
*; 


+1 
= helt pees, 


A = A + = ty + 
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On the other hand, according to (3.21), 
Ah Fy bee 5 
whence it follows that 
+= ty tee: ; 


that is, 4,7 is coherent with the orientation *t," of the pseudomanifold *T,;". 
Finally, suppose that the preseribed orientation of the pseudomanifold 
Kı is defined by the oriented simplex 


I 


fy = ¥ | Arco te Aip) 0101n) °° Alin) |. 


To summarize: the orientation 


p 


l 
ty = E | auw *** arola | 


is coherent with 14”; the orientation 
q 
ty” = 9 | auan °° + Gua | 


is coherent with *1,;"; the orientation 


n 


ba =y | QIO) te Arip YA AiAi) °° Ai | 


is coherent with the orientation of Kı. Therefore, for a given orientation 
of Kı z 


(3.221) (PX) = eny. 

On the other hand, the orientation (—1 "tyr = (-1)’e | aio +++ ay; | 
s x 1 ‘ x 2 
is coherent with ¢;"—, the orientation he = 9 | aaa +e Arie) | 


+1 a é N 
"" and, as before, the orientation 


is coherent with *t,; 
Y | MiO °° ApH AAi t Aila) | 


is coherent with the orientation of Ay. Then, for the given orientation 
of Kı ; 


(3.23) WERT) = (—1) eny, 
l.e., 
PX) = (1P UT X HTN 


Tence (3.2) is proved on the assumption that (3.21) holds. 
Assume now that (3.21) does not hold and let 


CS Fake = E, FH) ET 
Then 


A 2—1 2 Tkl 
(eat uty ) = &;j = l; Gee Pale) = N =], 


$3] THE INTERSECTION NUMBER. THE POINCARE DUALITY 17 


and, consequently, in view of what we have shown, 

(eiti? X FL) = (1) GP X atte”). 
But 

RK) ciy (le X eile KE 
Gu x mgt) = ll" x D, 
Therefore, 
RUNDE XEY = ely Kat) 
= tun RX N), 


This completes the proof of Lemma 3.21. 

$3.3. The isomorphism D’ and the Poincaré duality. Let ¢;” be an arbi- 
trary but fixed orientation of the simplex 7,” of an orientable (and ori- 
ented) n-dimensional A-manifold A. Of the two possible orientations of 
the orientable pseudomanifold *7,,’ denote by *4;" the one for which 


CG NE p= 1. 


We make this assumption for each dimension p and examine the resulting 
incidence matrices | KH") || = || nyt |. 

First, if | 4,” | is not a face of | 4 |, then (1:47) = 0 and HP) 
= 0. 

If 67+] < (a? |, ic, if (art) #0, we have by Lemma 3.21, 


Cy ea ae CE X) 

or, recalling that (X) = 1, (GP X *47") = 1, 

1 = (PUPAT ETA). 
Therefore, multiplying both sides by (—1)?(¢?:¢;"") and remembering 
that 

Wi) = +1, 

we obtain 
(3.31) CPE = (-1)' PP). 


r . . ? r R . 4a q 

We now assign to each chain c” € L’(AK, 9) the chain *2" € ZICK*, %0 
: “ P, 
which assumes on each *f;’ the same value that x” assumes on UP: 


ei) SC eh). 


We denote the chain *2” by Dax”. The mapping D" is obviously an tso- 
morphism of L’(K) onto L’(K*). 
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We shall prove the following fundamental property of D*: 
AD elta Di, 
TD? = (-1)?D™ Ax”. 
To prove this, we set 
ge Si, a Sy a) 
for brevity and recall that by (3.31) 
af S11) a 
so that 
ea? = (1) at 
Then 
(AD N = Din (Dat - HN) = Lima” 47) 
= (WIR: h”) 
= (Hr © Ph) = DT). 
Similarly, 
(VDE = Din (Di UN) = Dinar) 
Zaren) 
KDD A): 


Remark 1. We rewrite the identities we have just proved: 


AD tl) SH a tr: 


J 


(3.320) en is , i 
(FD e T) = (SA le) 


The first equality of (3.32) imphes: 

a) If Ve’ = 0, then AD‘x’ = 0, i.e., D’ maps Ze’) into Zu’ (K*). 

b) If AD” = 0, then DFe” = 0, so that Vx” = 0; in other words: 
if the image of a chain „” € L°( A) under D” is a eyele, then x” is a coeyele, 
or: the inverse image of Za“ (K*) under the isomorphism D* of L’(K) onto 
LACK*) is Ze’(R). 

From a) and b) we eonclhude that: 

3.3217. The isomorphism D° of L’(K) onto L’(K*) maps Zy’ (UK) onto 
Zs K*), 

Similarly, we deduee from the second equality of (3.32): 

3.3212. The isomorphism D° of L? UK) onto L’(K*) maps Zy’(K) onto 
Ze(K*). 


ur 
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We shall prove, moreover: 

3.3220. The isomorphism D" of LK) onto LY(K*) maps Hr”’(K) onto 
Ha (K*). 

Proof. 

a) If 2” € Hr”(K), there is a chain 2” € LPTR) such that 


var = 2” 
Then, by the first formula of (3.32), 
ADT = (= 1)PD' ST = (-1)’DiP, 
that is, 
D°? € Hs (RK*). 
b) If Dz? € H4°(K*), there is a chain *2°t € Z"(K*) such that 
Art = D'e” 
Denote the isomorphism of L7(A*) onto L’(K) inverse to D? hy D, 


and put 


pol atl 
In er 


Then [reading the first formula of (3.32) from right to left and replacing 
p by p — 1] we obtain 


=l l p—i 1 1 1 
(—1)?DIVx?" = ADM" = ADD str = att = DR, 


. t p—l . 
whence [operating on (—1)”D’Vr”” and D°z7” with the operator D,], 


? 


(Dre 
that is, 
2” € IIP(K). 


This proves Theorem 3.322¢ . 

Similarly, using the second formula of (3.32), we obtain 

3.322, . The isomorphism D” maps H,”(K) onto Hr’(K*). 

3.321. and 3.3227 yield 

3.327 . The isomorphism D° of L’(K) onto L’(K*) induces an isomorphism 
of V? CK) onto A’(K*). 

Since the groups A’(K*) and A°(K) are isomorphic (Theorem 2.2), 
we obtain 

THEOREM 3.33. THE Porxcaré Dray (KoLMOGOROV’S FORMULATION). 
If || K || is an orientable n-dimensional h-manifold and p, q are two arbitrary 
nonnegative integers whose sum isn, then the groups ¥"(\| K |!) and A*(|| K |.) 
are isomorphic for any coefficient domain. 
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Special Case. Let X = J. Since (see IX, Theorem 3.51 and VII, 2:21) 
vA KED = OPC) [I + Aw" K ID, 
AK) = OC KI) + Anti K ID, 





we have 

3.330. The torsion groups 0” (ji K ||) and ©*(|| K ||) are isomorphic and 
the Betti numbers x? (ti K 1), a" (|| K |!) are equal. 

Theorem 3.330 is the Poincaré duality in its original form. 

Setting X = Jm, we deduce the isomorphism of the groups Fa C| K JD 
and An (| X ||) from Theorem 3.33; hence, because of the isomorphism of 
Vn (lA |) and Aa A|) IX, (4.410)] we have 

3.33,. Tne Powncark Duarry (mod m). The groups An” (| K ||) and 
An (|| K ||) are tsomorphie for every m. 

All these results hold for orientable n-dimensional Ah-manifolds; for a 
nonorientable n-dimensional A-manifold IA], "OK" = 1 and 
"(| K I) = 0. 

It. is, therefore, all the more important to emphasize 

3.332. Tur Poincank Duvanıry (mod 2). If || KR" is an n-dimensional 
h-manifold (not necessarily orientable), then the groups Ar’(|| K ||) and 
A (|| K ||) are isomorphic. 

To prove this theorem, it is enough to introduce (mod 2) terminology 
in the above arguments wherever intersections occur, that is, in all the 
‘aleulations of this section integers should be replaced by their residues 
(mod 2) and all simplexes and stars should be taken as nonoriented. As a 
result, all the calculations are greatly simplified, since signs need no longer 
be taken into account, and become applicable to all (and not just to 
orientable) h-manifolds. 

Theorem 3.332 implies that m: (|| X 
n, yields the formula 











D = m’! Ki) and this, for odd 


n n 
2 (1P (K) = IL (-VmR) = 0. 
r=0 r=0 

Therefore, 

3.34. The Euler characteristic of an arbitrary h-mantfold of odd dimension 
is equal to zero. 

Remark 2. In particular, triangulations of three-dimensional manifolds 
have zero characteristic. A special ease of this is the following proposition, 
whose proof is not diflieult (for a proof see Seifert-Threlfall [S-T; Chapter 9, 
860]; see Bibliography, vol. 1): 

Suppose that A,’ is a triangulation of a convex polyhedral domain ia 
and that the triangulation Kẹ? is the result. of identifying certain elements 


a) $ 2 „3 eS ‘ 
of Ka which lie on the boundary of || Ka. The complex As’ is a tri- 
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angulation of a three-dimensional manifold if, and only if, its Euler char- 
acteristic Is zero. 

Remark 3. Putting p = n in 3.330, so that g = 0, we see that ©" "(|| X |!) 
is isomorphic to O°(|| X ||) and is consequently the null group. Hence a 
special case of the Poincaré duality is a proposition already known to us 
(IX, Theorem 3.52): An orientable n-dimensional h-manifold is (n — 1)- 
torsion free. 

$3.4. The intersection number (x” X *ı"), where x? C L’(K, %), 
* C Li(k*, YO and I is a ring. Retaining all notation introduced at the 
beginning of this section, we choose the orientations ¢;” and *¢,2 so that 
(L? X *t;‘) = 1; hence for arbitrary 7 and J, 





(P X TE) = õi. 
Let 
Verne Bi, OS DO OLEN 


and define 


(3.4) ce? & te") = Do abit? X +) = Lab. 
341. Uf x” € LURK, W, y” € LURK, A), then 
(3.41) Ce X D'y?) = (&” - y’). 


This follows from the fact that if 
v= Dat, y= >. btr, 
then 
Diy? = J bti, 


and so 
(x? X D'y’) = Lab; = (x? + y”). 


The following two distributive laws are immediate consequences of (3.4): 
(3.42) Cer” + xe") x ca oe = Cay’ x = 6?) + (ae x Ih 
Ce" x EEE + # w) = Ce x i) + (x? x žr). 


Another consequence is 


3.43) (aax? X *xl) = (x? X a*t) EIER: 

A fundamental formula in the theory of intersections is 
(3.44) RX AN) = (1A KUN), 
or 


(Ax? X rt) = (-1)?(2” X Ar), 
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Because of (3.42) and (3.43), we need merely prove (3.44) for the special 
ease t? = L’, *ı = *t,7. Hence we need to show only 


(3.440) PR YEA KUN): 
But, setting ex, = (1’:4”), we get 


Ae = > Eu, 
Are = (— l 5 = le: 


(The second equality follows from (3.31).] Therefore (remembering that 
PX) = 1], 


(L? x Are) = (AI Enh” x *1,°) 
Isle x MN) = al eis 


(At? x AS) Dar Eule x ss = ent? x toy = Ei. 


Consequently, 
(4? X ar) = (=A? X MU"), 
which is what we were to prove. 
COROLLARY TO (3.44). Let *x? be a cycle: A*ı” = 0. Then on replacing 
p by p + 1 and hence g + 1 by g in (3.44), the left side of this identity 
becomes zero, and 
(Ax?! X *x") = 0. 


But an arbitrary cycle z2” homologous to zero may be written as Ax?*. 


Therefore, 
3.451. If *27 € Za (K*), 2? € Hy’(K), then 


(2” Sea) = 0. 


Analogously, 
3.452. If 2” € Za” (K) and *27 € Ha? (R*), then (2” X *27) = 0. 
For, then Az” = 0, *e? = A*r?™ and 


(EX) = (et X Ate) = (=1)(az” XP) = 0, 


We rewrite 3.451 and 3.452 as one proposition: 
3.45. If at least one of the two cycles 2” and *z" is homologous to zero, then 


Reel, 


An immediate consequence of 3.45 is: 
If a” ~ 2” (in K), *a”’ ~ *2° (in A*), then 


(a" X tz") = (2 X +22). 
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Uhis makes it possible to define the interseetion number of two homology 
classes 3” € A’(K) and *3" € A’(K*) as 


Goes) = x), 


where 2” € 3”, *24 © *3" are arbitrary. 

Remark. If the coefficient domain is J, Theorem 3.15 may be strength- 
ened. Suppose *24 € ZICR*, J), 2” € IP’(K, J). Then there is an integer e 
such that ez” € IP(K, J), and hence (ez? X *27) = 0. But (ez? X *z") 
c(z” X *z"), so that (2? X *z2’) = 0. Therefore, 

3.46. Lf at least one of the cycles z” and *z" is weakly homologous to zero 
(in K or K*, respeetively), then (2” x *") = 0. 

$3.5. Veblen’s theorem. For every (J, W)-basis (see VIII, Def. 2.35) 
2,009, ze” of a complex K there is a (J, W)-basis *zı, +--+, *zu of the 
complex K* such that 


(z? x 725) = ĝ;j (ù, J =], 2, war ;@), 
with x = r” = m’ equal to the pth and qth Betti numbers of the manifold || K ||. 


Proof. The proof is based on (3.41). Indeed, by IX, Theorem 3.33, there 
is a canonical basis 


aP ho p an? e.‘ r ... 
A, rt g UG); Wy » Yolp—) » 215 ‚er, 
p p p : 
My ttt y Mrd os (A ttt y Voc) 


of the module Z’(A) which includes the eyeles a”, ++: , 27”; we consider 
the cocycles 


(3.52) 2p ON ee 


in the dual basis 


Q = -p - p =P a p =P =P 
(3.51) Wey gS etsy Mass D, EE 


A d = Pp =- p ER = p 
Ti, ty lm Yit 5 Yom - 


Since the isomorphism D° maps Hr’(K) onto Ha’(K*), no nontrivial 
linear combination of the cycles 


(3.53) : Dia? +, DE 


o 


is homologous to zero in K*. 

In order to show that these cycles form a (J, R)-basis of A* it is enough 
to show that each cycle *z4 € Zs"(AK*) differs from a linear combination 
of the cycles Dz,” by an element of TECK); 

We shall prove this. First, *’ = D“z’, where 2” € Zr" (K). Because of 
the fundamental properties (see LX, 3.5) of the basis (3.51), 


z” = S aÑ” + 5 bo; + D Chn”; 
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hence (since D° is an isomorphism) 
ži = Di? = Di aDta? + JDD + Dd Da”. 
Since some integral multiple of the cocycle 
> aŭ? + D b; 


is cohomologous to zero in Ķ, the same multiple of the cycle 
#7 = DaDa + 2, 0,D",’ 


is homologous to zero in K*, that is, *" — 0 oD"? = * € T(K*). 

Finally, by (3.41), we have (2#? x D%;’) = (2? 3?) = ö,,;. This 
completes the proof of the theorem. 

COROLLARY TO VEBLEN’s THEOREM. Suppose that 2” € Z"(K), but 
2” ¢ A(R); then there is a cycle *2" € Z"(K*) such that (2° X *z") = 0. 

In fact, if 2", +--+, 2,’ isa (J, R)-basis of A, there exist numbers c; , 
not all zero, such that 

2 — Yee? CA): 


Suppose, e.g., that cı # 0. We construct, in accordance with Veblen’s 
theorem, cycles *z;" € Za’(K*),i = 1, +++ ‚m, such that (2;” X *z/') = ôi. 
Then by 3.46, 


(2” x Hes") = > cla? “) = # 0. 


Exercise. Prove the analogues of Veblen’s theorem and its corollary for 
the coefficient domains Jm , m a prime. 


$4. The combinatorial form of the Alexander duality 


$4.1. Formulation of the theorem. In this section A will denote a combi- 
natorial n-dimensional orientable h-manifold, Xo a closed subeomplex of X, 
K* the complex of the barycentric stars of A and Ao* the subcomplex of 
A* consisting of all the stars dual to the simplexes of Ao. 

We know (LY, 5.4) that Ao* is an open, and that therefore A* N. Ko* is 
a closed, subeomplex of K*. 

The complex K* N, Ko* is O-torsion free. 

This is true because the complex Q* consisting of all the 1- and 0-elements 
of the complex A* N Ao* is isomorphic to an unrestricted simplicial 
l-complex and has the same Oth Betti group as the complex A* \. Ao*. 

Finally we denote by p and q, as before, two nonnegative integers whose 
sum is n. The purpose of this section is to prove the following theorem, 
the combinatorial form of the Alexander duality: 

Tutorem 4.10. Let N be an arbitrary coeficient domain, If V’(K, W = 
VHK, W) = 0 for some p, 1 < p < n — 2, then 


RO, 0) RATEN KM. 
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IVE, W) = 0, then V "Ro, ©) AMC N Ko®) [E A = J, the num- 
ber of components of K*N Ku* is m” (Ro) + 1]. Finally, if S'(K, 3) = 0, 
then A" (K*N Kor, %) is the direet sum of a(R) — 1 groups isomor- 
phic to W [f % = J, the number of components of Ky is equal to 


CR SOR yt) +1 


and O""(K* \ Kor) = 0). 

Because of LX, Theorem 3.51, the following more compact statement 
follows from 4.10: 

4.1. THE COMBINATORIAL CASE OF THE ALEXANDER DUALITY IN 17$ 
Ontcinan Form. Lf A’(K) = 0,0 <r < n, then OHK) & 
©" CK* \. Kor) and x"(Ko) = a (RN Kot), 1 < p < n — 2. Further- 
more, OT (K*FN Ko*) = 0 and 2” (K*N Kot) = (Ko) — 1; 9""(Kı) 
= 0 (see the Remark below) and #(R* N K) = 2” '(Ko) + 1. 

REMARK. To see that O""(No) = 0, we note that by 4.10, Vo" (Ko) = 
()""?(Ko) + Am” Ko) a AM CA* N Ko*). But APC K* N Kot) is a free 
Abelian group; hence 9" ~"(Ky) = 0. The rank of Aw” (Ko) is nr" (Ko) 
and the rank of AW (A* N Ko*) is 1 less than the number of components 
of A* N Ko* (see VIII, 1.62). 

Before passing to the proof of Theorem 4.10, we shall deduce several of 
its consequences and special cases. 

If p = 1, theng — 1 = n — 2, and 4.1 implies that ©" *(K*N K) & 
O"( Ko), i.e., it is the null group. Furthermore, according to LX, Theorem 
3.53, O""'(Ko) is also the null group. Comparing these results with 4.1 and 
recalling that every n-complex is n-torsion free, we obtain 

4.11. If A (K) = 0,0 <r <n, then Ko and K* N Ko* are r-torsion 
free forr > ne 2, 

A special case of 4.11 is 

4.12. If K is a triangulation of a 3-sphere and Ky is a closed subcomples 
of K, then Ko is torsion frec in all dimensions. 

Putting A = Jm in 4.10, m an arbitrary integer > 2, and noting (see 
IX, 4.4) that An © Van, we get 

4.13. THE ALEXANDER DUALITY (mod m) (COMBINATORIAL Case). If 
(K) =0,0 <r < n, An? (Ko) X Am (K*N Kr), 1 <p <n- 2; 
the groups Am” (Ko) and Am (K* N Ko*) are also isomorphic; finally, 
An” (E*N Ko*) is isomorphic to the direct sum of (Ko) — 1 groups Jm. 

The following important theorem, to which we give special emphasis, is 
a special case of 4.1 and 4.13: 

4.14. THE COMBINATORIAL FORM OF THE N-DIMENSIONAL JORDAN 
THEOREM. If Ap (KX) = 0,0 < r < n, then the number of components of 
K*N Kok is equal to x" (Ko) + 1 = tn (Ko) + 1, m an arbitrary prime. 

EXAMPLE FOR THEOREM 4.1. Let K be a triangulation of a 3-sphere and 
let Ky be a two-dimensional closed combinatorial pseudomanifold which is 
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a subcomplex of A (e.g., a triangulation of a closed surface). Then 

1. O'(Ko) = O (that is, the pscudomanifold Ao is orientable and tor- 
sion free). 

2. The 1st Betti numbers of Ko and A* N Ko* are equal. 

3. K* N Ko* has two components. 

$4.2. Generalization of Theorem 4.10. We say that a” is an exiensible 
(over K) cocycle of Ko if there is a cocycle 2” of K such that Ko? = zo”. 
The extensible p-cocycles of Ko form a subgroup of Zr" (Ro) ; this subgroup 
will be denoted by Cx”(Ko). 

EXAMPLES OF EXTENSIBLE AND NONEXTENSIBLE COCYCLES. 

Let K be the triangulation of a torus shown in Fig. 142 (the sides 4.4’ 
and A” A’”, and also AA” and A'A”, are to be identified). 

We denote by Ky the complex consisting of the three segments | t' | , 
| to |, |%' | and their vertices A = A’ = A” = A”, C = C',D = D. 
Ko is therefore a triangulation of the meridian circle AA’ = A74’” of the 
torus. Let 4', &', ts) be the orientations of the correspouding segments indi- 
cated by arrows in Fig. 142. Since Ko is a 1-complex, every 1-chain of Ko 
is a cocycle. We shall show that every 1-cocycle of Ay is extensible over 
K. It is enough to prove this assertion for cocycles of the form L, i = 1, 
2, 3, 0.g., for 4’. But this cocycle is extensible because the chain z! = h! + 
ty boty) + to + lo + tos’ (Fig. 142) is a cocycle of K such that Koz’ = hi’. 

We now let Ao be the complex consisting of the six segments |4], 
el, él, [a], 16], | | and their vertices A = A’ = A” = A”, 
C= 0, D = D, M = A’, P, Q. We show that the cocycle h? — is of 
Ko is nonextensible over K. To this end let 2’ be any cocycle of K and let 


i, é, $a; mM, M, M; ms n, 133 Fi’, 62, Ña 
be the values of 2’ on 


Vase ack, byt. pls 1,1,1 Eyi pi 
ho, tu, te; li,te,ts; li, ds, le; tio, bo, tar, 


A” | Cc 2 D’ 3 a” 
Fra. 142 
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respectively (Figs. 142, 143). Since the values of the chain Vz" on the six 
triangles 


MAP, PAC, PCQ, QCD, QDA, M'DA' 
oriented clockwise are zero, we obtain six equations 


—f ae m + oy = 0, 


+thtm— % = 0, 
h= n + h& =0, 
f+ m— f2 = 0, 
=i — n + ts = 0, 
tat m-th = 0. 
Termwise addition vields 
(H) m +t m= m tm +n; 


every cocycle z’ € Zr'(R) satisfies this equation. But if Koz’ = t? — ti, 
then m = 1, m’ = —l, m = m = n? = ný = 0, which contradicts (JM). 
This proves that the cocycle ı' — t € Zy (Ko, J) is nonextensible. 

We consider a third example. Let Ko be the complex consisting of the 
three sides | tu |, | tis’ |, | 4’ |, and the three vertices of the triangle PAC 
(Fig. 142). We leave to the reader to prove that the eocycles tr’, ti’, tio’ of 
Ao are nonextensible over K. 

Having given these examples, which we hope have clarified the concept 
of extensible cocycle, we prove that 





(4.211) IK) CCP) 


for arbitrary K and Ko. 


AI C 2 D 3 A 

10 IO 

M M’ 
P 5 


Fia. 143 
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ah CH (KG), Met, ine), 
then 
VEay = 2 € Zr’(K) 
in the notation of VII, 5.6. Hence, by LX, (1.51), 
Koz” = Kobe! = VKE = Ft | = a”, 


which completes the proof. 
Furthermore, 
4.21. Uf V’(K)= 0, then 


Ck” (Ko) C He (Ko), 
and consequently, 
(4.21) Cx’( Ky) = He’”( Ko). 
To prove (4.21) it is enough to see that if V’CA) = 0, 
Ko” € Hy’ (Bo) 


for every 2” € Zv’(R). 
ta . : —1 mls ır 
Indeed, by hypothesis, there is a chain wv’ € L” (K) whose coboundary 
? ` ) “ 
IE 
is g”: 


hence 
r =] 7 = = 
VK? = Kova? = Ke”, 


and this completes the proof. 

We note, finally, that if (RK) = 0, the Poincaré duality implies that 
AK) = 0; hence AT "(A*) = 0. 

For arbitrary A and Ag C K we now denote by *Z° the intersection of 
Za (K* N Kor) and Has (K*), that is, the subgroup of Zs (K* N K) con- 
sisting of all cycles homologous to zero in K*; then 


PP DI (K*N K*) n Hr Ue): 


If A’(K*) = 0 (r > 0) and AP(K*) = 0, then Zy’CK* N Ko*) is clearly 
identical with *Z°: 


(4.22) *Z = Zs (K*N Ko*) (r 20). 


Moreover, Hs (K* N. Kor) is always contained in *Z". 
Hence, if V’(K) = WR) = 0, then Ck?(Ko) = He? (Ko) and HZ" = 
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ZUR N Ko*); furthermore, under these conditions, Zr’ (Ko)/Ck” (Ko) 
LPR) ha). = FRG), and 


ZEY '(R* DS Ka") 
= Bat (KIEN Kot) Hat REEN K) SAT REN K"). 


Therefore, the first part of Theorem 4.10 (in which p > 0) is a special 
case of 

Turoren 42. If K is an n-dimensional orientable h-manifold, then 
ZP (Ko) CCR) In TES “KE SRO Sy Sar, 

§4.3. The cases p = 0 and p = n — 1; prefatory remarks to the proof 
of Theorem 4.2. Before proving Theorem 4.2, we shall derive from it the 
assertions of Theorem 4.10 (and consequently of Theorem +.1 as well) 
concerning the groups A” "(A* N. Kı*) and AW CA* N Kot). 

If p =n — Land v""(K, W) = 0, then Ok" (Ko) = He" (Ko), so 
that Ze" (Ko) /CHk" (Ky) = 9" (Ro). Since K* is connected, *Z° = 


Z°(K* N Ko*). By Theorem 422, 
ZTR O Ck RG eS i AP 
= ZU (RN Ko®) {1S UK* \ Kot) = A (K*®. Kor). 


Hence, VHK) & A™(K* \ Kor). 

Passing to the case p = 0, we recall that the 0-cocycles of a connected 
complex A are precisely the constant O-chains of A, that is, those 0-chains 
which assume a constant value on all the vertices of X (IX, 1.6). There- 
fore, Zr (Ko) consists of those O-chains of Ko which are constant on each 
component of Ko. It follows that Zy°(Ko) is the direct sum of groups, each 
isomorphic to M, and that the number of terms in the direct sum is equal 
to the number of components of Ko, i.e., m (Ko). The group Cx’ (Ko) con- 
sists of those elements of Ze (Ko) which are constant on all of Ko. It is 
then easy to see that Ze (No)/Cx (Ko) is isomorphic to the direct sum of 
m (Ko) — 1 groups I but, by Theorem 4.2, 


ZAKO /C EKo) An” lg RN IR: 
IIence the latter is the direct sum of m’ (As) — 1 terms, each isomorphic to N. 
If, as in Theorem 4.10, V'(K) = 0, then A'K) = 0, and 
a EEE SE RY N K*). 


Consequently, A” (K* N Ko*) is the direct sum of (Ko) — 1 groups 
isomorphic to M. This completes the proof. 

EXAMPLE For TuEoREM 4.2. Let K be the triangulation of the torus 
shown in Fig. 142, and let Y = J. Let us consider three cases: 

1°, Ko consists of the three segments | tı |, | le | , | & | and their vertices. 
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2° Ky consists of the six segments | tı |, |t l, (di, [al lt 1, | | 
and their vertices. 

3°. Ko consists of the three segments | ti | , | fir |, | fy’ | and their vertices. 

In all three cases, the connectedness of A (and hence of K*) imphes 
that Za (K*N Kor) = *2°, *2°/H(K* \ Kot) = A°(K* \ Kor). 

In the first case, Ze (Ko) = Cx (Ro), so that Zr (Ko)/Cx (Ko) = 0. 
Hence by Theorem 4.2, A™(K* N Kot) = 0, ie, A* N Ko* is connected. 

In the second and third cases, Cr (Ko) is a proper subgroup of Ze (Ko), 
so that Zv (Ko)/Cx (Ko) = 0, and according to Theorem 4.2 the complex 
K* N Ko* is not connected. It is easy to see that in both cases the group 
Zy (Ko) /Cx' (Ko) is infinite cyclic, and hence the complex A* N Ko* con- 
sists of two components. 

It is left to the reader to investigate various examples of the application 
of Theorem 4.2 when the complex X is a triangulation of a three-dimen- 
sional torus or of the topological product of a 2-sphere and a 1-sphere. 

The basic technique used in the proof of Theorem 4.2 given below is the 
isomorphic mapping D’ of L’(K) onto L’(K*) defined in 3.3. As before, 
we denote the isomorphism of L’(K*) onto Z’(K) inverse to D° by Dp and 
note the following obvious property of the isomorphisms D° and D, : 

4.31. If Q is a subcomplex of K and Q* is the subcomplex of K* consisting 
of all the baryeentrie stars dual to elements of Q, then 


OD = DOr, 
QD py" = D,Q*y" 
for all x” € L’(K) and y? € L’(K*). 

In the sequel elements of K, Ko, A*, Ko* will be denoted by T, To, *T, 
*To , respectively, with supplementary indices added whenever necessary; 
T? and *T} or Tio)” and *7 4)" will always stand for pairs of dual ele- 

l 
ments; the orientations of T and *T will be written as ¢ and *t. 

$4.4. The isomorphism AD* of Z,’(Ko)/Cx’(Ko) onto the group 
"ZT /H ST CK* N Ko*). We assign the chain AD%%? € Is? '(K*) to 
each chain zo” € Zr"(Ko). In virtue of the fundamental property of D° 
[see (3.32) and (3.320)], 

a (AN - *ti@)" ) = (D° Ven” ; ti) 
= (Vz - ti”) = 0 
for arbitrary | *ti@™ | C Ko*; that is, 
(4.41) AD'z” € 237" (K*\ Kor). 
Moreover, since AD“z)” € IL, '(K*), 


AD% a" € Z., 
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LAL. If the eyele AD"zo’ is assigned to cach cocycle z of Ko , the result is 
a homomorphism AD’ of Ze’(Ko) into *ZT, 

We must prove: 

442. The homomorphism AD" of Z<’(K&o) into *Z7* induees a homo- 
morphism. (denoted by the same symbol) of Le ko) Cx (Ko) 
*ZT LE (E*N K). 

4.43. The induced homomorphism of Theorem 442 is an isomorphism. 

4.44. The induced isomorphism of Theorem 443 is onto. 

To prove 4.42 it is enough to show 

4.420. If 20” € Cx”(Ko), then AD'z © IETUR*N Kor). 

For the proof of 4.43 it suffieies to show 

4.430. If z” € Zr’ (Ko) and AD" © Ha HRE* N Ko*), then 


into the group 


£53 € Crk” (Ko). 
To prove 4.44 it is enough to prove 
4.440. For every u" € *Z" there exists a cocycle z C Ze’ (Ko) sueh that 
AD 2" ~ ut in KEN Kor. 
To clarify 4.420 and 4.430 see Fig. 144, where Ko is the segment (eoi) 
and its two vertices. Furthermore, z = | eei | is a cocycle of Ko extensible 
over A (the chain whose value is 1 on the segments marked with arrows 





Fig. 144 
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and 0 on the remaining segments in Fig. 144 is a cocycle of K which coin- 
. . 1 r 
cides with zo on Ko). 
Remark. If Ko is the complex consisting of all the sides and vertices of 
the triangle (coic), the cocycle 
y P Per = 
čo = | eocı | € Zy (Ko), p= l, 
is not extensible over X, in agreement with the fact that AD*%zo” is not 
homologous to zero in K* N Ky* [the points e:* and &* are separated by 
the boundary of the triangle (coce2) and hence by the complex Ao*]. 
Proof of 4.420 (Fig. 144). Suppose zo” € Cr?(Ko), so that zo” = Kae”, 
where 2° € Zr” (RK). Then 
4,» y p r 
D'z € Za (K*), 
D%2? = xt + yf, 


where 
v= Ket D*’, y? = (K*N K*) D" 
and 
0 = AD? = Ar? + Ay’, 
that is, 


A(—y") = Ax" = AKD. 
But, in virtue of 4.31, 
Kot D?” = D'K”, 
so that 
A(—y") = AD’Ka" = AD*2". 
But —y? € L'CK* N Ko*), so that 
AD? E Ha (K*\. Kot), 


which completes the proof, 
Proof of 4.430 (Fig. 144). Suppose z € Zr”(Ko) and 


AD” € TURN Kor). 


We must find az” € ZP (K)} such that z? = Koz. 
To this end we first choose a y? € L*(A* N Ko*) such that 


Ay? = AD 2": 
hence 


Dz? — y? € Zaf (KR*). 
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We set 
2? = DD — y’) € Zr"(K), 
and prove that 2” is the required cocyele, i.e., that 
oo = Koz". 
We have first 
z" = D,(D'a" — y") = D Dza — Dp = z — Du. 


Furthermore, since y” © LI(K*N Kor), 


Daf € LIKN Ko), 


so that AoDpy’ = O and Koz” = Kole — Diy’) = Koz” = 20”, qed. 
Proof of 4.440. Suppose (Tig. 1-45) 
EZ, Av? = u, ask E€ Pd Ga 
1 TER 

































7 


7 I NY 


N À 


\ 





U ET 


T XN 
IN 
THN 

U) 


N 








| 


- q 
Ky === BOUNDARY OF kt OO @-@« 5 F 
z l, = 


Im K*x 9 q= I, p=l,n=2 
o 
Fra. 145 


fl 





34 HOMOLOGICAL MANIFOLDS (h-MANIFOLDS) [CH. XIII 


at = Kota" + (K*\ Kr), 
and 
ut) = Art = AK + A(R*N Ko*) 2"; 
or (since Kota? = KDD" = DK oD a") 
ul) — AD*KoD 2" = A(K*N Ko*) 2"; 
or, finally, 
u ~ AD in KEN KE, 
where 
gh 2 Tae INC): 
To show that 20” € Zy?(Ko), we calculate Ve” on Ko: 
Veo” = VKoD pt" = KoVDpt? = +KoDpp Ar = +KoDp = 0. 


This proves 4.440 and completes the proof of Theorem 4.2. 

§4.5. Definition and simplest properties of the linking number 
vlu”, u") of two cycles u” € Ha” (K), WE Ha? (K*). All the discus- 
sion of this subsection is based on tne fundamental formulas of 3.4: 

(x? X Ay) = (Kar), 
(3.44) a diet, gaa 
(Ax? X y) SC (2 X Ay’) 
for arbitrary 
wv? € L(K), PY E LYR), 
PETS) gh EIRE 


and on Theorem 3.45, which is a consequence of these formulas: 

3.45. If at least one of the cycles 2” € Za” (K), 27 € Zy’(K*) is homologous 
to zero, then (2” X 2°) = 0. 

An immediate consequence is 

4.51. If two chains a?" € LPM (RK), m” € LP CK) have a common 
boundary AnP = Aay?* = a”, then 


Green = (Pt X u) 


for arbitrary u € MT (R*). 


For, 


ptt +1 I r 
ay — al" € ZK); 
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hence 
C — ay) x aT) = 0, 
that is, 
CP X UT) = (xe? x i 


Theorem 4.51 enables us to state the following 
DEFINITION 4.5. Suppose u’ € Ha(K) and ul € ILTCR*). The 
linking number of the cycles uw? and ut is the number 


q-l 1 =] 
vu) (at x u), 
an atl ptly pry n 4, . 
where x € L'' (RK) is an arbitrary chain such that 
Ax? = w 


FIN - . . » —l . . . 
Theorem 4.51 implies that v(e”, uw) is independent of the choice of 


J -}1 7 . ae +1 
the chain wv"? satisfying the condition Aa’ = u”. 


We prove several simple properties of the linking numbers: 
4.52. If u? € HP (EK), ut € Hs" (K*), 
yh Ay’, yf! € L’(K*®), 

then 
(4.52) v(a, u) = (1E X yt). 

Indeed, suppose that «’* € Z’"(K) and Av?” = u”. Formula (3.44) 
implies that 

vr, ut) = (a X Ay) = (-1)" (Att X 9’) 

(IV UIN 
and the proof is complete. 

The definition of v(u”, u? ") implies further: 

4.531. Let Ko be a closed subeomplex of K, and let Ao* G K* be the 


complex consisting of the barycentrie stars dual to the elements of Ao ; if 
u?” € Is’(Ko), then v(a?, ut") = 0 for an arbitrary cycle 


ut Ë Za  (K* W Ko*) 


Ii 


homologous to zero in Ä*. 
For, by hypothesis, 


where 
ae TPP I): 
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lence, 
Kr) X ut) = 0. 

The following proposition may be proved in a similar way (by means 
of 4.52): 

4.532. If ut! € HATUCK*N Ko*), then v(u”, u") = 0 for any cycle 
u” € Zu (Ku) homologous to zero in K. 

Theorems 4.531 and 4.532 immediately imply 

4.53. Let u” and uz? be two cycles of Ko, homologous lo zero in K and 
homologous to each other in Ko; if 1%" and u" are two cycles of K* N Ko*, 
homologous to zero in K* and homologous to each other in K*N Ko*, then 


va”, wa) = vw”, mw") 


(see Fig. 146, where wy” is the outer boundary of the left hand triangle, 
oriented by the indicated arrows, u? is the boundary of the little triangle, 
oriented as indicated, and u" = w7"). 

Now let Zax’(AKo) be the subgroup of Zu”(Ko) consisting of all the 
cycles homologous to zero in X. Then for arbitrary u? € Zar (Ko) /Ha” (Ko), 
we € *ZT YHT (K* \ Kot) we set 


(4.54) vaP, u) = v(u?, u), 


1 $ _ 3 
where u” and u” are arbitrary elements of the cosets u”, ut, respectively; 


š = ee r 
according to 4.53, the number v(u?, u?) is independent of the choice of 
the cycles u’ € u” and u eu”. 


q 











LLL Ko p=l, q=2 


Fira. 146 
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LP 


In particular, if A’(K) = 0 and V?'(K) = 0, then AT’(K*) = 0, and 
it follows that 


Zan’ (Ko H (Kò = A(R), 
eZ TE HB N K) Sn URN KR); 
then (4.54) gives the linking number v(u?, u’) for arbitrary 
u” € A?(Ko), ut? € AT *(K*N Kye). 
$4.6. Theorem on linked systems of cycles. In this subsection U will 
stand for either the field of rational numbers or one of the fields Jm, m a 
prime. 
We shall say that two systems of cycles 
Br Rae ee z? € Z’(Ko, N) 
and 
Bye eee E 2 E ZTK*N K, N) 
are linked if w(z;", 27) = 6:; (Fig. 146). 
THEOREM 4.61 (Pontryagin). For cvery system of lirh (see VII, 6.420) 
cycles 


(4.611) ae ae a’ € 2'(Ko, W 
of Ko it is possible to construct a system of cycles 
(4.612) Be DE, EEE IR IA 


of K*\ Ko* which is linked with the system (4.611). 
Proof. We extend the cycles (4.611) to a canonical basis 


(4.613) ae Y, 2P, ee g E, UR C 
of the module L?(Ko, %). In the basis 
U”, D, P, e, AP, T, D 
dual to (4.613) we consider the coeyeles 4”, +++, Z”, and construct the 
cycles 
ADB”, +++ , AD,” 
of K*N Ko*. By (3.41), 
GP X DZP) = (2P 27) 555 

hence, by (4.52) 

v(z:”, AD’) = (—1) "(2P X Der) 


(=) iye 
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The cycles 
+1 = 
zo) = (-1)?" AD? 


are the required cycles. 
4,611. For every system of lirh integral cycles 


(4.611), acts, ee 
of Ko it is possible to construct a system of integral cycles 
(4.612), N 
of K*N K such that 
vlz, 2") £0, ~~ v(z”, 2,7") = 0 (i =Æ j). 


Proof. Consider the cycles (4.611), as cycles with rational coefficients 

and construct, in accordance with Theorem 4.61, a system of rational 
—] aos . . a x . 

cycles 2/7", +++, 2°” linked with the system (4.611),. Then, denoting 


by c; the common denominator of the fractions which appear as the co- 


. 1 . ER = 2 
eficients of the cycles 2,” and putting 2°" = cz’? we obtain the 


required system (4.612);. 
THEOREM 4.62 (Pontryagin). Suppose the integral cycles 


(4.621) BP ele ge? 


forma (J, W)-basis of Ko . Then it ts possible to construct a system of integral 
cycles 


(4.622) a Eau 


of K*N K which form a (J, W)-basis of K*N Ko* and are linked with 
the system (4.621). 

Proof. We note first that since the system (4.621) is a (J, 9t)-basis of 
Ko, it can be extended to a canonical basis 


er P P P, pp 
(4.615) Ti, Yj y h y vu 


of Z’(Ko, X) (see IX, Theorem 3.33). 
Then, as in the proof of Theorem 4.61, we consider in the dual basis 


ATY LA] -P zP 353P zP pP 
(4.623) Ur ? vj ? eh 3 UE ? Yi 


the cocycles 


and construct the cycles 
(4.624) AD”, -e , AD. 


In exactly the same way as in the proof of Theorem 4.61 we see that 
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the cycles (4.624), each multiplied by (—1)’”, form a system linked with 
the system (4.621). 

The system (4.624) consists of m = 27 '(K*\_ Ko*) cycles; therefore, 
to show that these cycles form a (J, W)-basis of K*N Ko* it is enough to 
prove that each cycle 2°” € Z™'(K*\_ Ko*) differs from a linear combi- 
nation of the cycles AD*2,” by an element of A (K*N Ko*). 

We shall prove this. First, by (4.440), 


(4.6025) Tl = ADe + ut, 
where 
z € Ze?(RKo), ICH OR K) TT BES REY: 
By the fundamental properties of the basis (4.623), 
ze = Lam’ + >be? + Do ad’; 
hence, since AD? is a homomorphism of Zr’(Ro) into Za (K* \ Kor), 
AD’ = >) aA Da? + D> baD + DS o.AD%,’. 
Sinee some integral multiple of the cocycle 
to? = > ai? + Ib 


is homologous to zero in Kao and is consequently contained in Cr”(Ko), 
it follows by 4.420 that the same integral multiple of the cycle 


ot = AD? = Da ADM? + % baD’ 
is homologous to zero in A* N Ao*, i.c., 


0 e A Gale ea Nia 


e 





Fie. 147 
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hence 277 — PAD’ = u! + ot? e AT *(K*\ Kor). This com- 
pletes the proof. 

In conclusion, we give an example illustrating the basic construction 
used in the proof of Theorems 4.61 and 4.62. The construction consisted 
in forming the dual basis of a canonical basis of Ko C K and operating on 
the former with the operator AD‘. 

EXAMPLE. Let K be a triangulation of the 3-sphere S°; we think of the 
3-sphere as the usual three-dimensional space compactified by a single point 
at infinity. Let the complex Ko C K consist of the three sides and vertices 
of the triangle (e,eve3) (Fig. 147). 

We take a canonical basis of the module Ly (Ay) (see IX, 3.4, Example 


l1): 


ya =4 = | exes |, yo" =k = | ee |, a =h th + br, 
where if; = | ee, |. In the dual basis (IX, 3.5, Examples of T-hases) 
z! — A en i. 5 = h! _ I z — 1 
we take the cocycle ä' = & = | ee, | and construct the cycle AD"2,' (here 





é rin m . . poe P 
q = 2, p = 1,n = 3). The cycle AD°Z is shown in Fig. 147 as an oriented 
polygon (the boundary of the oriented barycentric star *Ë = Dt’). 


Chapter NIV 


THE vV-GROUPS (COHOMOLOGY GROUPS) OF 
COMPACTA AND THE ALEXANDER- 
PONTRYAGIN DUALITY 


$1. V-groups (cohomology groups) of bicompacta 


$1.1. Spectra and their V-groups. 

DEFINITION 1.1. An infinite partially ordered set O is said to be directed 
by > if a1, & € © implies that there exists an a3 € © such that a > xi 
and a3 > t. 

DEFINITION 1.12. Let K be a directed partially ordered set of finite un- 
restricted simphcial complexes A, . If Ng > Kain K, we write simply 8 > a. 

Suppose further that one or more simplicial mappings Sa? of Ag into Kg is 
associated with every pair of complexes Na, Kg of K such that Ag > Ka. 
We call these mappings projections and require that they satisfy the follow- 
ing conditions: 

1°. If Sc and ’S.P are two projections of Ag into Ka, then for every 
simplex Ts © Kg there is a simplex Tae € Ka such that both STs and 
Te are faces of Ta. 

2° Ify > B > wand if S, Sg” are projections of Ag into Ka and K, 
into Ag, respectively, then the simpheial mapping SAS, of Kinto Ka is 
a projection. 

If both of these conditions are satisfied, we call the pair consisting of the 
partially ordered set X and the simplicial mappings Se a projective spectrum, 
or simply a spectrum. 

Theorem 9.4 of VII and Theorem 6.3 of IX imply 

1.13. If S.? and Sa are two projections of Ag into Ka, Ka, Ka € XR, then 


Sg Za A l Sg Za in Ka 

for arbitrary Ze € Z; (Ra). 

Hence, 

1.14. Suppore that Za € Zu (Ka), ze € Ze (Ka) and that y > a, y > B. 
If there exist two projections Sa’, Sg” such that 
(1.1) Š, za m Sf in Ky, 
then (1.14) remains valid for every other pair of projections "Sa", Sp”. 

DEFINITION 1.15. Two cocycles za € Zg (Ka), 23 € Zo (Kg) are said to be 
cohomologous in R: 

Za 2 MR, 


41 
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a 


if there is àa y, y > a, y > B, such that 
E, za Sf in K,, 
i.e., if 
Š, Za — Sy’, € Hy (Kr). 


It is easily seen that the relation of cohomology between cocycles of the 
complexes of a spectrum XK is reflexive, symmetric and transitive. We give 
a short proof of transitivity, the only property which perhaps requires it. 

Suppose 


Za € Z (Ka), 23 € Zu (Ks), zy € Z; (K,) 
and 

Š Za Sf in Ky, Safee St, in Ky, 

A> a, A >B, up >B, u>y. 
Choose K, so that v > A,» > a. Then 
Š, Sa Za A Š, Sea ed 7%2y in Ky. 
Since 5> Sze m S," Š, in K, by (1.13), it follows that 
» Sza SS8,"2, in K,, 
i.c., 
2,52, MK. 


Therefore, the cohomology relation partitions the set of all r-cocycles of all the 
complexes Ka of a spectrum R into r-dimensional cohomology classes ¢" of K 
(further indices will be attached to ¢" whenever necessary). 

We shall now define addition for the cohomology classes. We note first 
that two arbitrary cohomology classes fı", fe” contain elements zu’ and 24” 
belonging to the same complex Ka € K: 


Za E€ Le (Ka), Za” E€ Zo (Ka). 
In fact, choose arbitrary 
Pee iy. aE, 
let Ka € KR be such that a > a ,a@ > a and set 
Be Sy ta kG ba = Ne Za ke, 


To define the sum of two cohomology classes {’ and ¢2” choose arbitrary 
eat r r : 
cocyeles za € A and za” € & of the same Ka; the cohomology class ¢,7 


I 
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containing the cocycle 24’ + Ze” is, by definition, the sum of 1 and oc. H 
is easily verified that this sum depends only on &ı and ¢" and not on the 
choice of Za! € 1, 2a” € ty. 
To show this, suppose 
a Eft, ch, 2! E Zo (Ke), 2’ EZ, (Rp). 
We must show that 
See + fae) A 54? (25! F za” ) 
in some K, , y > a, y > b. Since za 27’ in X, there exists a K, , yı > a, 
yı > B such that 
Ša za 8, in Ka; 
since 2a” — zg” in X, there isa Ky, , Y2 > a, y2 > B, such that 


re St. 


2 
Take y > yı, y > yz. Then 
Beat in K, 
Sy Šp Za” AS, Be ae” in K, 
so that 
y Sy Za + E E Za Ao È + Se in K,. 
Since 
See, Ste ze, 
Se, tr Š Pza” 
(see 1.13), it follows that 
Š Za + Sao Sa + Sfr" in K,. 
This completes the proof. 

The addition of r-dimensional cohomology classes of a spectrum K is 
commutative and, as is easily seen, associative. The zero of this addition is 
the r-dimensional V-class 0” containing the identities of all the groups 
V'(K,.); it is obvious that 

v+o ae 
for an arbitrary V-class ¢". 


We note that the V-class O” consists of all the r-cocycles Za of all possible 
complexes A, € K for which there isa Kg € K, 8B > a, such that 


Sata 0 in Kg. 
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Furthermore, for each V-class €” there exists a V-class —?” such that 
Cala) = 0% 
to find —¢" it is sufficient to take any za € ¢ and define —¢" as the V-class 
containing the cocycle — Za (it is easily seen that —¢" is independent of the 
choice of ze € € and that —¢" consists of all cocycles of the form — ze, 
where ze € ©). 

Hence, 

The set of V-classes of a spectrum K, with addition of V-classes defined as 
above, is a group called the r-dimensional V-group or the V'-group (rth coho- 
mology group) of the spectrum K and is denoted by V(R). 

$1.2. The homomorphism §*. Two cocycles ze € Zy(K.) and 
za’ € Zu (Ka) cohomologous in Ka are cohomologous in K; therefore, every 
cohomology class of K. € K is contained in some cohomology class of the 
spectrum X. As a result, there is a natural homomorphism S* of V’(K.) 
into V(X). 

We shall require the following very special theorem in the sequel: 

1.21. Let K be a spectrum with the following property: for every Ka, 
Ka € K, 8 > a, and every projection Sq’, Ša% induces an isomorphism. of 
V’ (Ka) onto V'(Ks). Then V (Ka) is isomorphic to V(X) for every Ka € XK. 

Proof. It is sufficient to show that every cohomology class © of the 
spectrum K contains precisely one cohomology class of an arbitrary Ka € K. 

Hence, suppose that € V’(R) and Ka € K are given. 

Suppose that za, € ©, Za, € Zo (Ka); choose a Ka € K such that B > a, 
6 > œ. Then zg = Ss", € ©. Since a homomorphism 83% of L’(Ka) 
into L'( Kg) induces an isomorphism of V’(Xa) onto V (Ka), there exists a 
cocycle za € Zy (Ka) such that 85%. — zs in Kg. Obviously, ze € €. 
Hence, € W(K) contains the cohomology class of ze € Zr (Ra). 
It remains to be shown that zu’ € Z (Ka) and 2.’ ^ zu in K imply 
that za’ — 2a in Ka. Bul ze’ “^ Za in K implies the existence of a 
Kg € KR, B > a, such that a zad ~ 83°24 in Kg ; since Ss” induces an iso- 
morphism of V (Ka) onto V(x), it follows that 


Ss za — Sg Za in Kg 
implies 
Za Za CAN A 


which was to be proved. 

1.3. The V-groups of bicompacta (sce I, 4.3). Let ® be an infinite bicom- 
pactum. We consider the directed partially ordered set © of all finite open 
coverings (see I, 8.1) of &; the coverings will be denoted by a, £, y, etc.; 
Ka will denote the nerve of the covering «æ and, by definition, Ka > Kaif 4 
and only if, 8 > a. 
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If 8 > a, assign to each element of the covering 8 any element of the cov- 
ering a which contains it; the result is a mapping of B into a called a projec- 
tion of B into æ. Every projection of 8 into a induces a simplicial mapping 
of the complex Kg iuto the complex Ka ; the induced simplicial mappings 
are also called projections of Kg into Ka. They satisfy Condition 1° of 1.1. 
To see this, let S.° and ’S.° be two projections of Kg into Ka, and let 


(er wees) 


be any simplex of Ag. Denoting a vertex of the nerve and the element of the 
covering Son pondi ie it by the same letter, we see that e is contained 
in both Seef and "See; hence 


Sor Coe S o a Sen 1S ROP D edanen cf 0. 


Then both ST; an RT, ae ee a ane simplex Ta € Ka whose ver- 
tices are Se, Sof, , Saber? med 

The projections S.° also obviously ke Condition 2° of 1.1. 

Hence, 

The pair consisting of the partially ordered set R of the nerves Ka of all the 
finite open coverings a of a bicompactum ® and the projections defined above ts 
a projective spectrum called the full projective spectrum of & The cohomology 
groups (V-groups) of the spectrum XK are called the cohomology groups 
(V-groups) of ® and are denoted by V(®). 

Remark 1. All the arguments and definitions of 1.3 can be repeated using 
closed coverings a, 8, y, +++ of ® instead of open coverings of P; it can be 
proved that the cohomology groups defined by means of closed coverings 
are isomorphic to those defined by means of open coverings. 

Remark 2. The definition of the cohomology groups given above is 
formally applicable to arbitrary topological spaces; the cohomology groups 
defined by open and closed covenngs are also isomorphic in normal spaces. 
However, our definition ean be considered as final only for bicompacta; 
it is expedient to use another definition even in the case of locally bicompact 
normal spaces (see Aleksandrov [k;1; f (see vol. J, Bibliography)]). 

§1.4. The group T”. Let Ka be a finite unrestricted simplicial complex. 
We denote by Z (Ka) the subgroup of the group Z, PCK) consisting of all 
0-coeyeles constant on Ka (see XIII, 4.3, the case p = 0). 

REMARK 1. The clements of Z (Ka) are 0-cocycles extensible over an 
arbitrary unrestricted simplieial complex K D Ka. 

a let z and Kg be elements of a spectrum ®, and suppose that 

Ne Zy (Ka), z € Zu (Ro). We shall say (see Def. 1.15) that za and 
28 are conning’ in the same V"-class of the spectrum K if there is a 


y, y > a, Y > B, such that 
Sy 2a — SP Zp" € Zo RS): 
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It is easily verified, as in 1.1, that this is a proper definition. With addition 
for the V"-classes defined in exactly the same way as for the V-classes, the 
set of V-classes becomes a group which we call the V”-group of the spec- 
trum K and denote by V"(K). If K is the full spectrum of a bicompactum 
P, then we call the group V"(K) the group V"(&). 

REMARK 2. We leave the proof of the following theorem to the reader: 

1.41. If X is the coefficient domain and the bicompactum ® has a finite 
number m’ of components, then V”(®) is the direct sum of r° — 1 groups, 
each isomorphic to M. 

The proof is based on XIII, 4.8 and on the fact that every Ka € K con- 
sists of no more than 7° components, while for every Ka there isa Kg > Ka 
with =’ components. 


§2. Cofinal suborders of spectra. The case of compacta 


$2.1. Cofinal suborders of spectra. 
DEFINITION 2.11. A partially ordered set ©’ is said to be a suborder of a 
partially ordered set O if every element of O’ is an element of O and if 


am € O’, r € O’, %1 > v2. in 0’ 
implies that 


vı > a in O. 


` 


A suborder ©’ of a directed partially ordered set 0 is said to be cofinal 
with O if O’ is a directed partially ordered set and if x € O implies that 
there exists a y € O’ such that 


y> Neo. 


DEFINITION 2.12. A spectrum K’ is said to be cofinal with a spectrum R 
if the following conditions are satisfied : 

1°. The spectrum K’, as a partially ordered set consisting of complexes, 
is cofinal with the partially ordered set x. 

2°, If Ke > Kain &’, then every projection of Ka into Kain X’ is a pro- 
jection in K. 

Every spectrum K’ cofinal with the full projective spectrum X of a bi- 
compactum ® is called a projective spectrum of ®. 

Insonrna 2.13. [fa spectrum K’ is cofinal with a spectrum R, then V(R) & 
V(x’). 

Proof. The set of all r-cocycles 22 of the complexes of X’ is a subset of the 
set of r-cocycles of the complexes of K; since ze — Zs” in K’ implies that 
Za o zy in K, every V-class of K’ is contained in a (unique) V-class of X. 
It is not hard to see that the resulting natural mapping of V(x’) into 
V(X) is a homomorphism. 
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We shall show thav this homomorphism is an isomorphism onto. To this 
end, it is sufficient to prove that every V-class of K contains precisel y one 
V-class of K’. 

Let ¢ be a V-class of K and suppose za € ¢. Since K’ is cofinal with XK, 
there is a complex Ag € &’ such that Kg > Ka in K. Then the cocycle 
ze = Sp°zq of Ng € &’ is contained in a T-elass ¢’ of K’; since ¢’ has an 
element zg in common with ¢, it is contained in ¢. Hence every V-elass of K 
contains at least one V-ckass of K’. It remains to be shown that no V-class 
of X contains more than one F-elass of a’. To this end, it suffices to prove 
that two cocycles 


Za Le (Ka), za € 7, (Ka), Ka E K, Kg € K, 
cohomologous in K are also cohomologous in K’. Suppose that 
Zar INK, 
Then there is a complex Ay, E€ RK, yı > a, yı > B, such that 
Šp za m 8, in Ky. 


Choose a complex Ay, in 3’ such that Ay, > Wy, in K; such a complex 
RK, € X exists, since K’ is cofinal with X. 

Now choose a complex N, € X’ such that K, > Ka, Kg, Knp in K’. The 
complex K, exists since K’ is a directed partially ordered set. 

Projections S,*, 8,” are defined in K’; since both mappings are at the 
same time projections in K and since y > a, y > 8, y > y in K, it follows 
that 


T or Q a B 
Ss wA Sy Dy Za ba SR r Sy KZ] 
in K, , 1e., 
za m S za in K,. 


This completes the proof. 

CoroLLARY. The V'-groups of a bicompactum ® are isomorphic to the 
V’-groups of an arbitrary spectrum of ®. 

$2.2. The case of a compactum. 

THEOREM 2.21. Let © be the partially ordered set of all open coverings (see 
I, 8.1) of an infinite compactum P; and let O’ be a suborder of O satisfying 
the following condition: for every e > 0, O’ contains an e-covering of P. Then 
0’ is cofinal with ©. 

REMARK 1. The converse is obvious: if 9’ is cofinal with ©, than ©’ con- 
tains an e-covering of $ for every e > 0. 

Proof of Theorem 2.21. Let a be an arbitrary covering of P and choose an 
a > a, a € ©. There exists (sce I, Lemma 8.34) an e > 0 such that every 
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ecovering of P is a refinement of a; and is therefore > a. If y € 0’ isan 
arbitrary e-covering, we see that y > a. 

It remains to be proved that 0’ is directed. If a, 8 € ©’, choose a covering 
a, € O greater than both of these and determine the corresponding e > 0 
and y as above. 

REMARK 2. As the partially ordered set ©’ of Theorem 2.21 we can take 
an arbitrary sequence of coverings 


(2.2 O = fa, a, a }, 


where a; is an g-covering and lim & = 0. We may assume that &zı IS a 
refinement of a, ; hence we can suppose that ©’ is a countable ordered set 
of the same order type as the natural numbers. The spectrum &’ corre- 
sponding to the set 0’ is cofinal with the full projective spectrum K of ®, 
and is therefore a spectrum of ®. It is countable and has the same order 
type as the natural numbers. 

Next, if the sequence (2.2) is chosen so that for arbitrary k every element 
of azı 18 contained in precisely One element of a, (sce Remark 3), we ob- 
tain a spectrum K’ of & which contains exactly one projection Sa,” of ax. 
into a, for each pair of coverings a, and ar, k > Ah. 

Finally, if dim ® = n, we can choose n-complexes as the elements of the 
spectrum X’. It follows, in particular, that 

2.22 If dim®@ = n and r > n, then V'(®) = 0. 

Remark 3. To obtain a sequence (2.2) satisfying the condition that for 
all k every element of ax. is contained in precisely one element of ax , it is 
enough to take any sequence of subdivisions (see VI, 4) 


/ / 7 
Qy,M2,°°' Ak,’ 


(with each a,’ a closed covering) and to proceed as follows: replace the ele- 
ments of the covering a’ by neighborhoods of these elements so small that 
these neighborhoods form an open covering œ similar to the covering ay 
and so that every element of a’ is contained in a single clement of a, . Then 
replace the elements of a’ by sufliciently small neighborhoods of these elc- 
ments, ete. 

§2.3. The case of ? a polyhedron. Let A be a triangulation of a polv- 
hedron P. Consider the sequence of complexes 


K, Ki, Ke, eee, See eae 


each of which is the barycentric subdivision of the preceding. Denote by a, 
the open covering of P whose elements are the open stars of the triangulation 
K, (see IV, Def. 3.20). Then K, is the nerve of œ, , so that we may regard 
the notation X, as an abbreviation of Ka,. 
vH : ' r 
Let e; © be an arbitrary vertex of the complex A,yı , and denote by 
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Sret! = ef a vertex of the carrier of the point. e;’*! in K, . The mapping 
St is a normal displacement of K, 41 into X, (see X, 3.1), so that the open 
star O7" of ¢,°* is contained in the open star of e; (Fig. 148). Hence 
Sen projection of avg, into a. 

This defines the projections in the projective spectrum & eonsisting of all 
the complexes X, . Since the diameters of the elements of ay approach zero 
with increasing v, the speetrum & is, according to Theorem 2.21, a speetrum 
of p. Therefore 7’(®) is isomorphic to TER). But, by X, Theorem 4.3, the 
simplicia} mappings S,""" induce isomorphic mappings of V(K,) into 
V'(Ay41); therefore, by Theorem 1.21, VCR) is isomorphic to every 
V'(A,), so that it is isomorphic to TA). Hence we have proved 

THEOREM 2.4. If ® is a polyhedron and K is a triangulation of ®, then 
(BP) is isomorphic to V(R). 

This proves the invariance of the groups T’(R), and hence of the groups 
A'(K), where X is a polyhedral complex. 

teMARK. If the compactum ® is finite, the above definition of the group 
V'(®) is not applicable, since the partially ordered set of all open coverings 
of is finite. But in that case ® is a O-complex and the definition of the 
group V given in IN, 1.6 ean be used. Henee if ® is finite and eonsists of 
m points, then: 

the group V"(, M) is the direct sum of r groups isomorphic to 9; 

the group V°(@, AM) (the only one of interest) is the direet sum of r — 1 
groups isomorphic to I; 

the group (PB, A) = O forr > 0. 





Fig. 148 
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$3. The A-groups of open subsets of S”. Formulation of the Alexander- 
Pontryagin duality and its fundamental consequences. Finite 
compacta 


$3.1. The group A’(T'), where T is an open subset of 5”. We have already 
considered (IV, 1.5, Example 2) the skeleton complex Ar : the vertices 
of the complex Ar are the points of the open set F; a set of vertices 
fey, ey, °°, C} forms a skeleton if the set of points fe, +++, er} is eon- 
tained in an open hemisphere of S” and if the closed convex hull of this set 
of vertices is contained in I’. [All geometrie terms (segment, convex set, 
simplex, baryeentrie subdivision of a simplex, ete.) used in this chapter are 
to be understood relative to the spherical metrie of S”.] 

A simplex of the complex Xr with skeleton feo, +++ , er} is the spherical 
simplex, perhaps degenerate, with vertices eo, +++, e. With its simplexes 
defined in this way, the complex X r is an unrestricted simplieial complex. 

The A’-groups (homology groups) of the eomplex Kr are called the A’- 
groups of the open subsel I and are denoted by A(T). 

Remark 1. We shall write (T), ZT), IT), ete. instead of D (Kr), 
Z (Kr), W (Kr), ete. The chains of the complex Kr are referred to simply 
as the chains of the open set T. If, in particular, T = 8”, we refer to the 
chains as chains of the space S”. 

Remark 2. Suppose x” € L'(1). The sinplexes of the chain x" are, by 
definition, the simplexes on which 2” is different from zero. The complex 
consisting of all the simplexes of 2” and their faces is denoted by | x" | ; this 
complex is a finite unrestricted simplicial complex. 

The body of the chain x is defined to be the union of the closed convex 
hulls of all the simplexes of the complex | x" |. The body of 2” is a compact 
subset of T and is denoted by @. 

$3.2. The barycentric subdivision of a chain x’ € I(T). Let I be an open 
subset. of S” C ee and let A be a finite closed subeomplex of Kr of di- 
mension r. In order to define the baryeentrie subdivision of A we proceed 
as follows. We imbed the space Rin some R”, m > 2r + 1, and transform 
the complex X into an r-dimensional triangulation A’ contained in R” 
isomorphie to A by means of a small displacement S of the vertices of K. 
Denote by Ay’ the barycentric subdivision of the triangulation A’. All the 
simplexes of K’, and hence the simplexes of Ay’ contained in them, are 
mapped back into S” by the displacement ‚S” inverse to the displacement 
S; the image K, of the complex Ay’ under S~ is called the barycentrie sub- 
division of X. Furthermore, the carrier of a vertex of Ay in K is, by defini- 
tion, the simplex 7’ C K which is the image under ST’ of the carrier of the 
corresponding vertex of AY’. 

Remark. It is clear that this definition of the baryeentrie subdivision 


ur 
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of K C Kr is not unique; however, all the baryeentrie subdivisions of X 
are isomorphic. 

We may now speak of baryeentie subdivisions of A of arbitrary order; 
for sufficiently large A, the skeletons of the baryeentric subdivision of K 
of order A will have diameters less than a preassigned e > 0. 

It follows that a sufficiently fine subdivision of a chain a" € ZT) will 
yield a chain sm” whose simplexes are as small as desired. Furthermore, 
the term normal displacement in the sense of N, 3.1 has meaning, sinee the 
carriers in A of the vertices of the baryeentrie subdivision AY, of A have 
been defined. The fundamental theorem on normal displacements (a normal 
displacement maps the baryeentrie subdivision sj,” of order h of a chain 
a” into x’) thus remains valid. Hence the barycentrie subdivision (of arbi- 
trary order) of a cycle 2’ € Z’(T) is homologous to 2° in T. Now suppose 
that z € ZT) and that P = || Qa” || is a polyhedron contained in T and 
containing 2 in its interior. (A polyhedron of this sort is most simply ob- 
tained by defining Qa’ as the complex consisting of all the simplexes of a 
sufficiently fine simpheial decomposition of S” whose closures are contained 
in T.) Subjecting z to a sufficiently fine baryeentrie subdivision and to a 
:anonical displacement relative to the triangulation Qa”, we obtain a cycle 
Za of Qa” homologous to 2” in T. 

Hence, 

3.21. Every homology class ¥ € A(T) contains eyeles of the triangulation 
Qa", where Qa" ts an arbitrary triangulation whose body contains the body 
of every cycle z” € 3° in its interior. 

It follows at once that: 

3.22. Ir > n, then A(T) = 0. 

§3.3. The topological invariance of the groups A’(I’). 

THEOREM 3.31. If Tı and Ts are homeomorphic open subsets of S”, then 
the groups A(T) and A'(T2) are isomorphic. 

The proof of Theorem 3.31 is preceded by the following definitions. 

3.32. Every proper cycle of a compactum $ C T is called a proper eycle 
of the open subset T < S”. 

Clearly, the proper r-eyeles of an open subset T C S" with the usual 
definition of addition (see NI, 1.1) form a group which we denote by 
ZUR). 

3.33. A proper cycle 5° € Z(T) is said to be homologous to zero in Til 
it is homologous to zero in a compactum contained in T. 

It is clear that the proper r-cycles homologous to zero m P form a sub- 
group 3C (T) of ZT). 

DEFINITION 9.94. 


3.34) A(T) SCPC CE Is 


rn 
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Theorem 3.31 follows from 

~- 1 f x s } ® E ` 
3.35. The groups A(T) are isomorphic to the groups Al‘). 
Proof of Theorem 3.39. Let 


r r r r 
5 — (a, 22, °°* Za) 


be an arbitrary proper cycle of T. It is contained in a polyhedron ® = 
| Aa" |) © r and is mapped by a canonical displacement mto a cycle 
Za € Zy'(K,"). This mapping induces a homomorphism S of the group 
Z'(T) into ZT), which maps JE) into A(T). The homomorphism S 
induces a homomorphism (denoted by the same letter) of A’(T) into 
A’(T). The homomorphism S maps A(T) onto A(T). Indeed, every 
homology class 3° € A(T) contains a cycle Ze of a triangulation Qa” (see 
3.21). Obviously, the homomorphism S maps the proper cycle (Za, Zar, 

<- Zah, `°’), Where Zan is the barycentric subdivision of za of order h, 
into 2. It remains to be proved that the homomorphism S of A’( IT) onto 
A(T) is an isomorphism. To show this it is sufficient to prove 

3.351. If 2’ = S55 € IT(T), then 3 € I(T). 

To prove the last assertion, denote by Qae” the complex consisting of all 
the simplexes of a sufficiently fine simplicial subdivision of S” whose closure 
is contained in T. We may assume that 

z = S5 = za € Ha (Qa”), 


that 5” is a proper cycle of the polyhedron Qae” and that the displacement 
S is effected in this polyhedron. Then 3.351 can be proved in exactly the 
same way as XI, Theorem +4.41. 

$3.4. The Alexander-Pontryagin duality and its fundamental conse- 
quences. The fundamental theorem of this chapter may be formulated as 
follows: 

THE ALEXANDER-PONTRYAGIN DUALITY. Let C S" be a compaetum, and 
let T = S" N. If p and q are two nonnegative integers whose sum is n, then 
the groups V(b) and AY'(T) are isomorphic, where V?(b) = V"(®) for 
p = O and A(T) = AT) lie, A (Kr)lforp=n-1. 

Remark. In particular, the number of components of Dis r” (®) + 1, 
where #” '(ẹ) is the rank of V“ \(®). 

The Alexander-Pontryagin duality is one of the fundamental results 
of modern topology. Before we go on to prove it, we shall list some of its 
consequences and special cases. These will serve to iHustrate its importance. 

First, because homeomorphic compacta P have isomorphic groups T’(®), 
the Alexander-Pontryagin duality implies 

BAL. If PD and P are homeomorphic closed subsets of S 
ANS" P) and AS" NP’) are isomorphic. 

In the saine way, the Alexander-Pontryagin duality and Theorem 3.31 
imply 


n 


, the groups 
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3.42. If T and W are homeomorphie open subscts of R”, then the groups 
VSN T) and VCS" \ 1") are isomorphie. 

A special case of Theorem 3.41 is 

3.410. Two homeomorphic closed subsets ® and ® of S” scparate S” into 
the same number of components. 

Hence (see II, Defs. 1.29 and 1.291), 

3.43. If one of two homeomorphie closed subsets of R” is an absolute (regular ) 
boundary, then the other is also. 

Now suppose that ® C S” is a curved polyhedron. Then (IX, Theorem 
3.51) 


(3.440) For($) = O” (P) + Awt) 


us m iR Wr Pr 
has a finite number of generators. Therefore, Ay’ (T) also has a finite 
number of generators; consequently, 


(3.441) AKT) = OUT) + Aw” (T), 


where Au’ (T) is a free group and O*"(T) is the finite subgroup 
of Au (T) consisting of all the elements of finite order of A(T). The 
group 0" '(T) is called the (4 — 1)st torsion group of the open set T. The 
isomorphism Vo?(®) & A" (T) and (3.440), (8441) imply that. 


Orb) œ OTT), 
Aub) Aw (T). 


Hence, 

Tue ALEXANDER Drvautty For Curvep POLYHEDRA IN S”: 

If C S” ts a curved polyhedron and p + q = n, then the pth Betti number 
of ® is equal to the (q — 1)st Betti number of the open set T = S"N P and 
the (p — 1)st torsion group of ® is isomorphic to the (q — 1)st torston group 
of T. 

Now let the coefficient domain be Jm. It is known [IN, (1.-410)] that 


V m (®) ~ A (®) 


for every curved polyhedron ®. Therefore: 
THE ALEXANDER Dvariry (mod m) (for curved polyhedra P C S”). 
The groups 


An’ (P) and Age (T) 


are isomorphic. 

Finally, let ® be an (n — 1)-dimensional closed pseudomanifold in 8". 
Then A.” '(®) is of order 2, so that A(T) is also of order 2, i.e., T con- 
sists of two components. But then Au" (T) is infinite cyclic; hence A” (e) 
is also infinite cyclic and therefore ® is orientable. 


54 V-GROUPS OF COMPACTA. ALEXANDER-PONTRYAGIN DUALITY fer. XIV 


Since A“ (Ko) = 0 for an arbitrary closed proper subeomplex Ko of 
a triangulation A" of the pseudomanifold ®, no polyhedron of the form 
| Ko” ||, and hence, as is easily seen, no proper closed subset Po C & 
separates S”. In other words, ® is a regular boundary (see 11, Theorem 1.2). 

Therefore, 

3.44. Tue Jornpax-Brouwer Teorem. Beery (n — 1)-dimensional closed 
pseudomanifold in S” is orientable, scparates S” into precisely two domains 
and is the common boundary of these two domains. 

Since no closed proper subset of a closed (n — 1)-dimensional pseudo- 
manifold contained in S” separates S”, then in view of Theorem 3.410 the 
same is true of sets homeomorphic to proper subsets of such pseudomani- 
folds. It follows that no interior point of a compactum ® C SS” has arbi- 
trarily small neighborhoods (relative to #) whose boundaries are homeo- 
morphic to a proper subset of an (n — 1)-sphere. Since the boundary 
points of ® obviously do have such neighborhoods, we have the following 
characterization of interior and boundary points of a compactum $ C S": 

3.45. A point p is an interior point of a compactum P C S" (relative to S") 
if, and only if, for all sufficiently small e > 0 no eneighborhood of p has a 
boundary homeomorphic to a proper subset of an (n — 1)-sphere. A point y 
of $ is a boundary point of ® (relative to S") if, and only if, for every e > 0 
there is an e-neighborhood of q whose boundary is homeomorphic to a proper 
subset of an (n — 1)-sphere. 

Since these characterizations are topologically invariant, it follows that: 

3.46. A topological mapping of a compactum $ C S” into S” maps interior 
points of ® (relative to S") into interior points, and boundary points of ® 
(relative to S”) into boundary points. 

REMARK. Since an interior point of an arbitrary subset A C S” is an in- 
terior point of some compactum ẹ C A, we have proved in full the theorem 
on the invariance of interior points, i.e., V, Theorem 3.1. 

§3.5. Special case: ® is finite. Suppose that ® consists of a finite number 
of points 0i , 02, +*+ , On . Inview of the Remark at the end of 2.3, to prove 
the Alexander-Pontryagin duality in this special case it is necessary to 
prove the following propositions: 





1°. The group A” (T, X) is the direct sum of m — 1 groups isomorphic 
to A. 

2°, A(T, N) = Oforr <n- l. 

Proof of 1°. Let Ki, Ky, +++, Ka, +e be a sequence of triangulations 


of S", each of which is a subdivision of the preceding, and such that mesh 
K, approaches zero with increasing hk, With no loss in generality we may 
assume: 

1) For every h each o; is contained in an n-simplex of K, , and no n- 
simplex of X, contains more than one of the points o;. 
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2) The simplexes Ta: of Xa are indexed so that o; is contained in Zh: 
fori < r. 

We choose a definite orientation of S” and agree that all the 7,;" have 
the induced orientation. The result is a set of oriented simplexes tm”. 


Finally, we set 24” = Ata”, 7 = 1, 2, ---, m, and prove: 

3.51. Every cycle 2” € ZTT, W) is homologous in F to a lincar com- 
bination of cycles z: ™, i = 1,2, , r — l. 

3.52. If I. a ca" ~ 0 in F, thence, = e = ea = 0. 


In view of 3.35, it is legitimate to regard the cycles of T as proper cycles, 
and we shall do so in the proof of these propositions. The actual proof is 
preceded by two remarks: 

a) If Qr = Ka N (Tv u: U The”), then 


Dry en” ~ 0 in Q, (and hence also in r). 
For, since I; bu” is a eyele, i.e., 
NOD thi’) + AC} ee thi) = 0, 


it follows that 


Dira = AC ech), 


N Zu i 0 in On . 


Le, 


b) For arbitrary h, 


n=] a—l 


Zhi in F. 


1 
~ Zi 


1 n 


Indeed, a projection of the boundary of Ta: onto the boundary of Tu 
from o; yields a deformation of 24” into 215 ; hence the two cycles are 
homotopic and therefore homologous in I’. 

In view of b), instead of 3.51 it is sufficient to prove 

3.510. Every cycle 2” € Z"(T, W) is homologous in I’ to a cycle of 
the form Jii eas” for some h depending on 2” 

We shall prove 3.510. By 3.21, 2” is homologous in Ka to a cycle za € 
ZNK, , MW. The cycle 2," is homologous to zero in Ay: zn = AR,” 

Ifa,” = ia", then 


zr T" aca ae Qizni = Adi itn’); 
Zh in > a" in Qn. 
. _ = =] > ; 
Since Arar m — I 02" in Q, by a), 
Be aed bam (a; = areni in Qa 


and hence in T. This completes the proof, 


1.C., 
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Proof of 3.52. Suppose that 
= Sf = E 
t= D ee ~O inl. 


PER š . —| . d ` ® Pe nL 
[hen there is an A such that 2” 0 in |! Qu || ; hence (X1, 4.6), if zu; 

f Re ise R eh = 
denotes the subdivision of 2,” m Ka, 


r—l1 n—l x 
u Cm 0 im On . 
a . —1 =} 
Ifae” = dose dibi” isa chain bounded by I cn” ‚then 
—1 2 ? 
Adi cites” — pr alu") = 0. 


Since X, is an n-dimensional pseudomanifold and Dich = 
Vor tilni” is an n-eyele, the coefficients of all the t” in this cycle must be 
the same. Since the coefficient of ur” is zero, it follows that all the c; (and 
all the a;) are also zero. This completes the proof. 

We denote by 3:” the element of A” (T, WM) containing the cycle 
zi" '. It follows from 3.51 and 3.52 that every element of A”(T, 9) is 
uniquely representable in the form 


pls Seg pepe (i <r- 1), 


j.e., that A” (r, MW) is the direct sum of r — 1 groups each isomorphie to 
%. This proves 1°. 

To prove 2°, suppose that 27 € ZT, W,r < n — 1, and that 2 is a 
normal eyele for r = 0. Let 0° be a point of T such that none of the planes 
spanned by 0’ and any of the simplexes 2’ contains any of the points or, 0>, 
0z. The point o’ always exists, since these planes have dimension 
<r4til<n- 1. 

Now deform the vertices of 2” into o along the straight lines joining o’ 
to these vertices (the deformation may be pictured as a uniform flow of the 
vertices of 2” into 0’ which takes place in a unit of time along these straight 
lines). This is then a deformation in T of 2’ into the r-eyele identically equal 
to zero (1.e., all its coefficients are zero). Hence every r-eyele of T is, in 
our conditions, homotopic, and therefore homologous, to zero in T, which 
was to be proved. 

This completes the proof of the Alexander-Pontrvagin duality for a finite 
compactum. 


$4. The complexes Ka, Kuz, Na*, Noa*, Qai; the sets G, and ra 
(see IV, 5.4) 


$4.1. Definitions and notation (sce Fig. 149). In the rest of this chapter, 
P is an infinite closed subset of S” and T = SN Q. 

Let K bea triangulation of S”. 

Let X be a natural number; denote by A, the Ath order barveentrie sub- 
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division of K, and by Aa the subeomplex of Ky consisting of all the sim- 
plexes of K, containing points of ® and all their faces. It is clear that 
(4.11) p C | Nor 
‘ a r $ 
(4.12) l Kos | S || Ko li 








’ 


for all A. The body of the complex Ay N Ko will be denoted by Gr. 

Let A,* be the complex of the barycentric stars of Ay, and let Aa® be 
the subcomplex of K;* consisting of the baryeentrie stars of A.* dual to the 
simplexes of Kor. Since Ko is a closed subeomplex of Ay , Kor* is an open 
and Ay* N Kw* is a closed subeomplex of W,*. Therefore, the body of 
Kar* is open in S” and the body of Ay* \. Koe* is a polyhedron, one of whose 
triangulations is the barycentric subdivision Qr (see IV, 5.4) of Ay* N Nout. 
The set of all interior points relative to S” of the polyhedron |! Qa || = 
I KIN I Ka* || will be denoted by Ty. 

In view of IV, 5.42, we have 


(4.13) @C | Kall S Ket |i, PDG, DGD | Qal DT. 


Let e be the mesh of A, (i.e., the maximum of the diameters of the 
simplexes of K4). Then 


PC | Ku:* i = S(®, 2er), 
(4.14) 
"> 1,D S” N: S(®, 2er); 


since im & = 0, 


(4.15) r = Uka Vie 
Furthermore, since | Koal < | Ku* || and || Aor* || is open, 
p(®, | Qu | ) =. 





We now set A) = | and, assuming that Fa has been defined for the natural 
number a, denote by Aad the first natural number satisfying the following 
conditions: 

1°. Detayi < P, || Ora ll). 

2°, 2e,,, 18 less than both &, and the maximum of the diameters of the 
sets bn Ta, where Ta € Kr. 

Remark. If Oa is an open star of the triangulation Kz, , we see that be- 
cause of 2° it cannot happen that every one of the sets P n Oa is contained 
in some ®n O41 (i.e. the covering {P n Oa} of ® is not a refinement of the 
covering {P n Og4i}); since, on the other hand, each set P a Oagi is eon- 
tained in some ®n O,, 2° guarantees that the covering of P consisting of 
all the sets ® n O44 follows (in the sense of 1.3; see also I, 8.1) the covering 
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. Condition 2° was introduced for precisely this 





nvenience, we now introduce the following notation. The eom- 
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2 E 
2 s S33 
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| SUSI | es Too 
RAY 43 7 fs 
N ES = 8 728 
> = Eom = 


ley 


Ua 


| Qai | 


1 


x 
a 


= U 


Because of what we have already proved in this subsection, we have 
r 


(4.16) 
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E 


(4.17) Ga > I Qa || > 
(4.18) Peas D [Oar D Tra. 





§4.2. The continuous mapping ( of Ge onto || Qar 

following proposition: 
9 TD py v4 efe y > y 

421. There exists a continuous mapping C of Ga onto || Qa || , whose set 

of fixed points contains | Qaj. 
rn r . r . 

Proof. Let Tar be a simplex of Kar, which does not belong to Qa, but 

is contained in a simplex 





. We shall prove the 


ESS € Ka N Koa . 
Then 
1 r i ’ e 
Ta = CT SS ok, > EE 
where Ta? C Ka N Koa, but Ta € Koa. Let Tait be the first of the 
simplexes Ta’, 0, Ta" contained in Koa . Since Kaa is a closed complex, 
we have 
7 A; r 7 . r 
Pr C Koa, tt, Ta C Koa 
and 
Ta T (Ta Doa > Le) = Qai, 
x Neg 4. Ny i 
Ta” 5 CL t ae > Ta) € Koa. 


Every point p of the simplex Ta uniquely determines the segment p”p’ 
containing p and joining a point p” € Ta” with a point p’ € Tar’. Set 
C(p) = p’. The mapping C is defined for all p € Ga N || Qail. If p € 
| Qa ||, set C(p) = p. The mapping C is continuous and satisfies the re- 
quirements of Theorem 4.21. 

$4.3. Some properties of the group Z’(T). It follows from (4.16) and 
(4.18) that every chain x of T is a chain of Ta , and hence of || Qa || , for 
every sufficiently large a. Consequently, m view of 3.21, every cycle 
z © ZT) is homologous to a cycle zu € Z(Qa) in r. 

But Qa is the barycentric subdivision of Ka* N Koe* © Kar; hence, 
because of XIII, Theorem 2.11, za € Z'(Qai) is homologous in Qa , and 
therefore in T, toa eyele of the form sai Zat, where za* € Zs’(Wa* N Koa*). 

Therefore, 

4.31. Every homology classy € S(T) contains, for every sufficiently large 
a, a cycle of the form Sai Za*, where 

Za* © Za (Ka* N Koa*). 

Furthermore, XIII, Theorem 2.12 implies 

4.32, If Sei Zar € Hs (Qa), Ba € Za (Ka* N Koa*), then 

Za* € Hs (Ka Koa"): 
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$5. A combinatorial lemma 


$5.1. Introductory remarks and formulation of the lemma. Since vai 1s 
the baryeentrie subdivision of Ka , every simplex Ta € Ka is contained in 
exactly one barycentric star of Ka. We shall call this star the carrier of 
the simplex Ta in Ka*; a simplex Tar € Ka is said to be a principal simplex 
if its dimension is the same as the dimension of its carrier in A,*. 

It is easily verified that a principal simplex Ta.’ € Ka is of the form 
(5.11) Pat = (Ta > Pe > as > Te), 
where Ta” € Ka, 00, 7.” € Ka are the simplexes whose centroids are the 
vertices of Ta’. 

To show this, suppose that *7’," € Ka* is the carrier of the principal 
simplex Ta’. The barycentric star *7'. is dual to a simplex Ta” € Ka, 
and, by definition, the g-simplexes of *7’,’ have the form (5.11). 

If Ta € Ka and *7," € Ka* are dual, we shall say for convenience that 
the simplex 7a” is dual to each of the principal simplexes Ta’ € *Te°. 

Let Ka and Kg, 8 > a, be two of the complexes Ay, A», +++, Ka, 
(sec 4.2), and let Saf be a normal simplicial mapping (see X, 3.1) of Kg 
into Ka. We denote by sg," the subdivision operator in Kg (1.e., the opera- 
tor which maps the chains of any Kw or Ka*, a’ < £, into their subdivi- 
sions in Kg); Da’ will stand for the isomorphism of the group L’(K.) 
onto the group L‘(AK,*) defined in XIII, 3.3. Then 

FUNDAMENTAL LEMMA 5.1. The relation 


(5.1) Sar Da" Spa" ~ Sa Da Za in Qa 


holds for every cocyle za” € Zy (Ra). 

The proof of Lemma 5.1 is quite long and will not be complete till the 
end of this section. We begin by assigning a definite orientation to S”; 
ta and tg” will denote the orientations of Ta” € Ka, Ta” © Ka coherent 
with that of S”. 

Furthermore, for p < n, we choose arbitrary, but definite, orientations 
ta” of each simplex 7,” € Ka. Having assigned the orientations ta’, we 
choose the orientations t” of every Ta” € Kg so that if ST’ = Ta”, then 
Sate? = ta”; if the dimension of ST’ is less than p, the orientation tg” 
is chosen arbitrarily. 

The orientations *f.°, *tg? of the baryeentrie stars *7’. € Ka* and 
*7P © K,* dual to the corresponding simplexes Te? € Ka and T?” € Ks 
are chosen so that 


ts X T X) = 1. 


The corresponding orientatious of the principal simplexes Tat C *7,' 
and Ta? € *Tg are denoted by ta’, tait. 


ur 
vr 
u 


A COMBINATORIAL LEMMA 61 


$5.2. The fundamental identity. We define au auxiliary simplicial map- 
ping Sar” of Ka into Ka as follows: to a vertex of the complex Ka, which 
is the ceutroid of a simplex Ts C Ks, assigu the vertex of Aa, which is 
the centroid of the simplex ST, . This mapping assigns to a simplex 


In (Eg Sg Se TA) CK 
the simplex 


(5.21) Sa ae = ‘i = Csr > — > > SR C K 


al - 


: RE a Ga N Men toa Bl A en = 
We now investigate the effect of Sa” on the principal simplexes of Ka. 

5.22. Every q-simplex 

Ta = (Ta > Pa > nr > 14); 
which is not a principal simplex, satisfies the condition ny < p. 

For, since m — nim > len >a (OSX <q =n — p), then n, > p 
would imply that vo = n,m = n — l,- n = p, ie, it would imply 
that Ta’ is a principal simplex. This proves 5.22. 

If we now ask which principal simplexes 


(5.233) Ta’ = (Ta" >- > Ts”) € Ka 
are mapped by Sq” onto a given principal simplex 
(5.23a) Van = Tae > er > Ls) € Ka, 


we find that if Sa” Ta? = Tat, then SATa” = Ta”. On the other hand, if 
SATa” = Ta”, then Sa maps precisely one simplex of the form (5.233) 
onto the given simplex (5.23a). 

In fact, if Sa Ta = Tat, where Tat, Tat are of the form (5. 234) and 
(5.23.4), then each of the simplexes 7" T is uniquely determined 
as the unique face of Ta” mapped by Sohle. ee or respectively. 

Hence, the principal simplexes Ta’ € Ka mapped by Sa onto a given 
principal simplex (5.23,) correspond (1--1) to the simplexes 7," € Wg 
mapped by Sa’ onto T'a”. 

2pMaRK. Denote by Sa? the (nondegenerate) affine mapphig of the 
closed simplex Ts” onto Ta" induced by the mapping Sa of the a 
of Tg” onto those of Ta. Since the nondegenerate affine mapping Ša? of 
the as simplex 7's” onto Ta” maps the centroid of each face of Tg” into 
the centroid of its image under S,”, then 


SP Tait = Sore 


yo fy 


for every principal simplex Taf € Ag, . We shall use this remark in what 


follows. 
Suppose that Ta” © Ka, Ta? € Kg are the simplexes dual to Tat’, Ta’, 
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respectively. Passing to the oriented simplexes ta”, la”, ts”, lg”, tar’, ta”, let 
Safle” = ta", F= Hl. 

Then 
hla = Sa ta = nla. 


We shall prove that 7 = ¢. 
To this end we note first that in view of VII, Theorem 2. 


(3:23: (Sa la? X Bft) = (ts? X tn’), 


where the interseetion number of the simplexes is taken to be the interseetion 
number of the earrying planes of the simplexes, oriented coherently with the 
sinplexes. (This agreement violates the convention of VII, 2.2 since the 
simplexes we are now considering are not in general position; therefore, 
this agreement is to be binding only in the course of this proof.) Tn view of 
the choice of the orientation ts’, we have 


Šal = Shl = la. 


2 
Oy 


Moreover, 
(l X ta’) = 1, tex ta =T. 
Hence, the left side of: (5.23) yields 
(Sats? X Sorta") = (te? X ater”) = alle X lai) = m 
while the right side of (5.23) is 
S(t? X ta’) =o -1= 6. 


Therefore, n = ¢, and the coefficient of ta? in Sar” >, ta? (summed over 
all principal 15°) is equal to the coefficient of ta” in Se >> t” (summed over 
all 13"). But the latter coefficient is equal to 1 [see X, (3.11)]. 

We have therefore proved 

5.24. The eoefficient of a given prineipal oriented simplex ta’ of Ka tn 
Sat 2, ta’ is equal to 1; ie., 


(5.24) Bu tay" = 2 bas’ 


(summed over all prineipal q-simplexes of Kg, and K a , respeetively). 

We shall now prove the following fundamental relation, from which we 
shall later also derive Lemma 5.1. 

5.2. The identity 


~ 1 = 
(5.2) Ss sa Da Sa = Sa Data 


holds for an arbitrary ehain v2 € L?(Ka). 
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Proof. The relations 
(sa Da Sp ta? is) = (Da Sete t) = (Sete Hi”) 
== (tar . Sata”) 
hold for an arbitrary principal simplex tai? of Ka, where *f3” is the carrier 
of tar’ in Ka* and ts” is the simplex dual to the star *”. For brevity, we set 
yar’ = sa Da Sg ta. 
We have just found that 
(5.25) (yar ta) = (Ea” > Sata”) 


for an arbitrary principal Ta” € Ka . Fora nonprineipal simplex T’a € Ka, 
we have (ya > tsi’) = 0 (for arbitrary orientation ta? of Tat), because of 
the definition of the operator sa”. 

Now let 


(5.26) Ta = (Ta > Ta" a > Ta"’) 
be an arbitrary g-simplex of Ka; if Ta’ is a principal simplex, then the 
orientation tar? of Ta has already been prescribed; if Ta’ is a nonprincipal 
simplex, we denote by tai any orientation of Ta’. Let 

ry? q ryt n ryt n—1 rP = 

ley = (Tag > Taj >c > Ter) (as SY) 

a ý b r cr 1 

be all the principal simplexes of Ka mapped by Sa onto Ta” (of course, 
distinct simplexes Tg, may be dual to the same simplex 7's,;”, so that 
the simplexes 7’s,;” are not necessarily distinct for distinct values of j). 


Let Sa laa = nilai, where n,; = +1. 
Because of the definition of the operator Sat” and (5.25), we have 


= 97^ 1 Al, og 7 ATORES y q AN _ g ae yB P 
(5.27) (Sat Ya lal ) = Ža (Ya g nilai ) = 2 Nik -Da ls; ). 
We consider two cases: 
1°. Ta’ is not a principal simplex. Then by 5.22 and (5.26), na < p; 
since ST,’ = Ta", (Xa? Sata?) = O for ally = 1,2, +++, v. In con- 
junction with (5.27) this yields 
Bi q 
(Sa Ya tar) = 0. 
In view of the definition of sa“, the value of the chain sa’Da’za on a 
nonprineipal simplex la“ is also zero, so that 
l 9.» q 
(Sa? Yar" i bea’) > (Sa Da Ua" lal ) 
for a nonprincipal T'a". 
2°, Tat is a principal simplex. Then (5.26) becomes 
=b p 
Ta’ = ch > 1.4 >> Ta Jy 
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aud 
ee 
for our choice of orientation tg,;” it is also true that 
Sots Sig: 
Juserting this in (5.27), we obtain 
(Sa m tel = Do aie? a) = Gal 2s as 
In view of 5.24, D5; 7; = 1, so that 
Sa tal Saw le). 
On the other hand, 
(Se De te Sta = (Data i Me = (ta la), 
1.C., 
(Saya la) = (8a Data 2 ta) 


Heuce, both sides of (5.2) assume the same value on au arbitrary g-simplex 
of Ka, qed. 

§5.3. The completion of the proof of Lemma 5.1 is based on the following 
proposition: 

5.31. If a cocycle 24? € Zy’(Ka) is equal to zero on Koa and zg" = 
sa Ds Saza” is different from zero on a given Ta? € Ka , then both of the 
closed simplexes Ta? and Sa Ta? (where Sa” Ta? denotes the closure of 
Sa Ta‘) are contained in a convex subset of Ga = | Kall N |! Koa ||, 
namely in a set O(| Ta” |; Ta), where Ta € Ka N Koa and Ta” > Tr. 
[Here and in the sequel, wherever necessary for convenience in notation, 
O(| Ta" |; Ta”) denotes the star of Ta in the combinatorial closure | Ta” | 
of Te] 

REMARK. If Pa < Ta”, then O(| Ta” |; Ta”) consists of Ta” and all the 
faces of Tae” (including Ta” itself) which have Ta” as a face; among the 
points of the closed simplex Ta”, the points of O(| Te” |; Ta) are char- 
acterized as those all of whose barycentric coordinates corresponding to the 
vertices of Ta” are positive. This property implies that O(| Te” |; Ta’) is 
convex, 

To prove 5.31, we note that according to the conditions imposed, Ta” is 
a principal simplex: 





a Gr ee gt eee Nat), 
and that Sg.” does not vanish on 7's”. Therefore, 


See Se do Koa. 
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The simplex Sa Tai has the form 
I Y 7 
Saf Pa! = (Set > 7 = SE Te), 


where ST? = Ta. 
Let Ta” be the carrier of Tg” in Ka, and set 7," = ST". Since Se? 
is a normal mapping, Ta” > Ta’, so that 


OT ETES SOT e T: 
The vertices of gaap are the centroids of the simplexes 
es een 
and are therefore contained in the convex set 
OCCT) SOG as | te), 
hence the closed simplex Sa Ta? is also contained in the set OTP h Pa): 
(5.311) Sr Gud rs 


(where Sa” 731? denotes the closure of Safat). 
It remains to be proved that 


(5.312) Tat E OU Ta” |; Te). 

Letting 7."' (1 < i < q) stand for the carrier of the simplex 7," "in Ka 
(and recalling that Ta” is the carrier of Tg”), we see that 
(5.313) Te > para > Ek > DER, 


Since S,° is a normal mapping, Ta” = ST? is a face of 7,"%; hence, by 
(5.313), 


(5.314) ee A 


It follows that all the simplexes of (5.314) are contained in O(| Pe” |; Ta”); 
in particular, O(| Te" |; Ta) contains the centroids of the simplexes 


1 = t y 
1 B (Œ Ters Tg” C Li = ade i Ta?” = 1." i 
i.e., the vertices of Tn’. Since O(| Ta” |; Ta”) is a convex set, and contains 


all the vertices of Ta”, it also contains the closed simplex Ta. This proves 
5.31. 

We shall now complete the proof of Lemma 5.1. In view of 5.31, all the 
skeletons of the prisms spanned by | Tat | and Sa| Taf! are contained in 
the convex set 





O Ta" h Ta”) S || Kall \ | Koa |l. 


Since O(| Te” |; Ta”) is convex, it also contains the closed convex hulls of 
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all the skeletons of the prisms mentioned above. The union of the elosed 
convex hulls of the skeletons of the prisms spanned by all the simplexes 
Ta’ satisfying the conditions of 5.31 is a compactum (even a polyhedron) 
TI contained in Ga = || Ka || N || Koa ||, and IT contains the prism spanned 
by the cycles zaf and Saza’. Therefore, 








£ 
tat m Saza" on IT 
(in the sense of NT, 4.6), i.e., 

5.32 i Da SH ea Po Bia sa Ds Sp Za TI 
(5.32) Sai 173 D3 Za T Dar Sr 473 D8 Za on ; 
because of the definition of za’ in 5.31. By (5.2), we have 

i a 
Kasa dg Sa aan Dur. 

"urthermore, since Sa Da za” is contained in IT 

Furthermore, since s , 
l 4 
Sa Data = Sa" Sa Data ~ Sa Daza M, 


so that Sasa Dp Sa za” can be replaced by sa Daza” in (5.32). We then 


obtain 
sa Da Sata? — su Daze ~ 0 o H. 


As we saw in 4.2, there is a continuous mapping C of G3 onto |) Qaı || which 
leaves all the points of |; Qa: || fixed, and which consequently maps the cycle 
sa? Da Sa Za — sa Daza on Qa into itself. Therefore, 


(5.33) Sa Da Šo za” — sa Detd ~O in C) C | Qai. 


But 
Sur Dg Se Za” == 8 De ea € Za (Qa), 


so that (5.33) implies (by XI, Corollary 4.61) that 
Sa Da" So Za” — Sa Det in Qa. 
This completes the proof. 


$6. The spectrum *, of the set ® 


$6.1. The coverings Qa and wa. Retaining the notation of 4.1, we denote 
by 2. the open covering of S” consisting of the open stars (IV, 3.2) of Ka: 
a a 
Qa = {0O°,+-> , On R. 


a 


We know that Ka is the nerve of the covering Qae. Suppose that 


0°, , Osa are those elements of Qa which intersect ®. We set 
(6.11) 0 = pn 0x (1 < a < Soa). 
The open sets 9°, +++ , Osa of ® form a covering of ® which we denote 


by wa. 
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6.12. The complex Koa is the nerve of the covering wa. 

For, the vertices of Koa are precisely those vertices of Ka whose open 
stars (relative to Ka) intersect $. In other words, the vertices of Koa cor- 
respond (1—1) to the elements of wa (a vertex e of Koa corresponds to the 
element ®n O(Ka;c) of wa [where O(Ka ; ¢) isthe star of ¢ in Kal. [The 
elements of wa form an indexed set (I, 1.3); some of them may coincide 
geometrically. ] 

Moreover, the intersection of the open stars of a set of vertices 
Cig) 077, Cr, Of Ka is nonempty if, and only if, there is a simplex Ta with 
vertices Ca cte, Ca m A, ; and then 


O Kes Gig IN EN ON atte) = O(Ka; Ta). 


Therefore, the nerve of wa consists of precisely those simplexes of Ka whose 
stars intersect ®, i.e., those which are faces of simplexes of Ka whose inter- 
section with ® is nonempty. But then Koa is the nerve of wa. 

It is clear that if 8 > a, then Q; is a refinement of Qa and consequently 
wp is a refinement of wa. 

On the other hand, Condition 2° of 4.1 implies that there is a simplex 
Tow © Koa such that the diameter of P n Toa is greater than twice the 
diameter of an arbitrary Te € As. 

Hence, there is an element of wa which is not contained in any element 
of Qs and therefore in no one single element of ws. Hence wa is not a re- 
finement of wz. 

We have proved 

6.13. If B > a, w > wa 

$6.2. The spectrum Ko of the compactum p. Let us assign to each element. 
0, H of the covering Qarı a definite element 0,° = St) of Ra 
Ww ihe h contains 0)". 

This assignment aie fines a projection of Qa41 Into Qe and also a projection 
Soa?! of wapi into wa : the clement aj = ®n 0," of way: is assigned 
the element 07 = So! = bn 8.0," of wa ; since 0; DO;*", 
0, 2 TE 

ror8 > a + 1, we set 

A = Be ee Sis Se Be = Soe 


We have therefore defined for every pair of natural numbers a and 8, 
2 Š E . 0 N ER : 
8 > a, projections Sa? of Q into Qa and Soa P of wg into we, such that 


t Et if A Oy Y 0 f 0% 
(6.21 ) Sa = 5 ES 0a = Soa eon 


fry > B> a. 

The projections of the coverings induce simplicial m: ippiugs (Jenene by 
the same letters) of the ee of the coverings, 1.¢., a projection Sa of Ng 
into A, and a projection Suc” of Keg into Koa , with Sa P and Soa” coinciding 


V,a+Hl 


š u, 8—1 cr 08 
< So,p-2 i Sog- 


on Ko- 
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The identity (6.21) shows that these projections satisfy Condition 2° of 
1.1; Condition 1° of 1.1 is also satisfied, since the simplicial mappings 
Saf, Soa” are induced by the corresponding projections of the coverings 
Ng , we MtO Qa, wa. Lence, the sequenee of complexes 

{Koal (a = 1,2, °*-) 


bi 
together with the projections Soa” just now defined on them form a spectrum of ®. 
We denote this spectrum by Ko . Since V’($) = V?(Ko), to prove the Alex- 
ander-Pontryagin duality it is sufficient to show that V?(Ky) & ATT). We 
shall do so in §8. 

§6.3. The projections Saf. We show, finally, that the projection Sa? of 
K; into Ka is a normal simplicial mapping, i.e., that it has the following 
property: 

6.31. If eg ts an arbitrary verter of Kg, B > a, then Safes is a vertex of the 
carrier of eg in Ka. 

For, according to the definition of SP, 


O( Ks ; e8) C O( Ka; Se), 
es € | Ta | CO Kes Sees), 


so that Saeg is a vertex of the carrier Ta € Ka of ep. 

Corottarr 6.32. For arbitrary Tg € Ka, the simplex ST’; is a face of 
the carrier of Tg in Ke. 

In fact, if Te C Ta € Ka, then the carrier of each vertex of Ts is a face 
of Ta; hence, by 6.31, the image of cach vertex of 7, is a vertex of Ta, 
which proves 6.32. 


$7. Further auxiliary propositions 


$7.1. Commutativity of the operators S,* and VE (see VII, 5.6 for the 
definition of /). Let us consider the complexes Ka, Ag and their subeom- 
plexes Koa and Kos . The projection Sa of Ks into Ka induces a homomor- 
phism Sg” of ZP(K.) into L’(Kg), and the same projection restricted to the 
complex Koa C Ka induces a homomorphism Sog“ of L? (Koa) into L?(Kog). 
Then 
7.1. The relation 


(7.1) Ss" VEzoa — VE Sos Zoa” in Ka N Koa 
holds for every zoa? € Zy?(Koa)- 

Proof. Since the operators Ss“ and V commute [see IX, (6.2)], we may 
rewrite (7.1) as 


VS Eza un FE Sis Zoa” in Ka DS Koa j 
or iu the form 

Sayı 1a@ Oa ] : : r r 
(7.11) VC Sp" Eza — L So Zo) 0 in Ka N Koa. 
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But (7.11) obviously follows from 
(7.12) Sa Bba — Eos 200 € L?(Ka \. Koa). 


We shall prove (7.12). 
For arbitrary 73” € Kg and arbitrary orientation tj” of T3”, 


(Sp E zoa? © te?) = (Keoa” + Sable”); 
hence if SATa? € Koa, then 
(Sa Leor * ts”) = (20a + Sala”). 
On the other hand, if 73” € Nog, then 
(E Sos" Zoa” - ts”) = (Sog zoa + tg”) = (200? + Sta”). 
But if 73" € Bog, then 8_?7'3” € Noa ; hence, 
(Sa Ezo ts’) = (E Se zoa” 8) 


for 73° € Kos , and (7.12) follows. 

$7.2. Corollary to (5.1) and (7.1). The following proposition, a simple 
consequence of (5.1) and (7.1), will have great. significance in the proof of 
the Alexander-Pontryagin duality. 

7.2. If zu € Zv’(Koa), then 


= B & Oa, ‘ ; 
(7.2) Sat ADs" Sog “Sie Oo Sa ADa Zoa in Qa. 


The significance of (7.2) lies in the fact that it is used to prove that the 
homomorphisms AD,’ of the groups Ze”(Koa) induce a mapping of V”(®) 
onto AT'(T) (see the proof of Lemma 8.1 and the paragraph following it). 

Proof of (7.2). Substituting 


l 1 
zat = Vila. 
into (5.1), we obtain 
- j -1@ ` N —1 1 pos 
( 7.21) Sgr D SaN E Zoa” A sa De VE zoa lll Qa . 


But, in view of (7.1), 
aS Ezo” A SE Sog zoa m Ke N Koa, 
so that (see XIII, 3.3227) 
Dg? Sp" VE 200? m Da "TE Sog 200° in Ka* N Koa; 


p 


4-1 @ ’ D qi Te 0 PR ER 
hence Dg? Sz°TEzoa” can be replaced by Ds” VE Sog “zoa on the left side 


of (7.21). This yields 


ER IR lop . 
(7.22) Sar Dat VIESog “oa” S sa De VEzoa 1n Qa s 
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Now XIII, (3.32) implies that 
Dg" VES Zoa = (1)? ADE Sop zoa” = (—1) Dp" Sop oa", 

Deo VE ELEND SST DE. 
Inserting these expressions in (7.22) and dividing both sides by (—1)?”’, 
we obtain 

Sr ADs Sa ce ee ADS Zoa in Qar. 
This is what we were to prove. 
$8. Proof of the Alexander-Pontryagin duality 


$8.1. The homomorphism AD” of V”(®) into A’"(T) induced by the homo- 
morphisms A)," of the groups Z4” (Koa) into the groups AT" (Ka* N Koa*). 
Let us assign to each cocycle 200° € Zr’ (Koa) the chain ADe Zoa. We know 
XIII, (4.41)] that 

MD ee © LS KRY Shae); 

and that consequently, 
(8.11) 5 AD area € Za (1), 

Lemna 8.1. Lf eo cocycles zoa? € Zo"(Koa) and zo? C Zr”(Kos) belong to 
the samc cohomology Class of the spectrum Ky of &, then 

sa AD ean m SAD in r. 

Proof. Since Zoa” and zag” are in the same cohomology class of the spec- 
trum Ko, there is a y, y > a, y > B, such that [see XIII, (4.211)] 
(8.12) Soy “Zoa” — Soy” zog” C Crk, (Koy). 
To prove the lemma, it is sufħicient to show that 
(8.13) Sa ADe Zoa nm Sa DD ta in r. 
We shall now prove (8.13). 

By (8.12) and XII, 4.420, 

SD, Soy Zoa” AD, Soy zo CA CF Ra), 
and, therefore, 
(8.14) Sa ODS Boy Zoa” ~~ Ssa AD Sos zo” in F; 
But (7.2) yields (with 8 replaced by y) 
Sy AD Soy Zoa? rad in Qa I 

Replacing a by Band 8 by y in (7.2), we obtain 


oy 0 . 1 
Sy AD 4" Soy zo? SAD in f Qu || Er 


pi 
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so that (8.14) becomes 
Sn AD a Zoa ~ SP ADs 2g" in r. 


This proves Lemma 8.1. 
Now let & be an arbitrary cohomology class of the spectrum Ka. Choose 
an arbitrary zoa € Ze”(Koa) in €”, and denote by AD E the homology class 


u ATT) which contains the evele sa AD’ oa It follows from 


Lemma 8.1 that 37” is independent of the choice of zoa? € t”; hence AD is 
n homomorphism of V’(Ra) [i.e., of the group V"()] into A? (Tr). 
$8.2. The mapping AD‘ is an isomorphism. Suppose that 

E E (Ko), ADC? 
We must prove that 

weil: 
Since 
ADE? = 0 
by hypothesis, there is a 23a € £” such that 
SAD oa 0 in r; 
therefore, 

SADa Zoa ~ 0 in || Qa | 
for sufficiently large 8 > a, and, consequently, sa" ADa zoa” ~ 0 in Qa 
(because of NI, Theorem 4.6). 

By (7.2), 

Sa ADE Zoa ~N sar ADe Se in Qa ) 
so that f 
sa ADa" Soa “200 ~ O in Qa. 
Consequently, by 4.32, 
ADS Sig zoa m~ 0 in Ka* Ko". 

It follows from this and XII, 4.430 that 
(8.2) Sua zoa” E Cra’ (Kog). 
But So zoa € E and Cra (Ko) = He”(Ko) for p > 1 IX, (4.21)]. 
Therefore, in view of (8.2), €” = 0, which completes the proof. 

$8.3. The isomorphism AD" is onto. Suppose that 

Ga AT. 


; 1 =| Pie 
In view of 4.31, there is a cycle va” © u“ of the form 


q-1 a q-l1 
Ual = Sai tla ’ 
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where 
tly € Z RE’ Koa*). 


According to XTIT, 4.440 and (4.22), there is a cocycle 200” € Ze?(Koa) 
such that 


—] : Tr k 7” 4 
ADe Zoa mii m KÆN Ku 
consequently, 
a a, P q- 1 
Sal AD, 0a (E u i 


If ¢? € V(Ro) is the cohomology class of the spectrum Ra which con- 
tains Zoa, then 


ADE = u". 


This completes the proof of the Alexander-Pontryagin duality. 


Chapter NV 
LINKING. TIIE LITTLE ALEXANDER DUALITY 


$0.1. Introductory remarks. The eocflieient domains in this chapter are 
rings with unity. 

All the constructions of this chapter and many of the next chapter are 
based on the complexes A(R") and K(S"), i.e., the complex A(T) with 
r = R" or S” (see IV, 1.5, Example 2 or NIV, 3.1). 

In this and the next chapter ® denotes a closed bounded subset of R”, 
and we shall always regard an e-chain of the compactum ® as a chain of R". 

In other words, if x" = Dat is an echain of ® C R”, we take ¢7 to 
mean an oriented (perhaps degenerate) simplex of the complex X(R”), de- 
fined by the corresponding skeleton of & C R”. This refers, in particular, 
to the elements zx of the propereyeles 3” = (2,22, +++, 2, ++) of @C RP” 
(see XI). The important notion of the body 2 of a chain x” was defined 
in VII, 5.2, Remark 3 (and repeated in XIV, 3.1, Remark 2). 

We say that two chains x and y are in relative general position (with 
respect to each other) if at least one of the following two conditions holds 
for every simplex T, in x and every simplex Ts in y: a) the closed convex 
hulls of the skeletons of Tı and Ts do not intersect, b) the simplexes T, 
and T are nondegenerate and their vertices form a system of points in 
general position (see Appendix 1, 1.4). 

For arbitrary natural number n, we use p and q to denote nonnegative 
integers whose sum is 7. 


$1. The intersection number and the linking number 


$1.1. The intersection number of two chains x? and y“ of R”. Let 


v= Jat”, y= >, dt; 


be two chains of 22” in relative general position. Their intersection number 
(x? X y*) is, by definition, 


(1.1) (xy) = Dw? Ke adj, 


where (t,? X 2°) is the intersection number (equal to +1, — 1 or 0) defined 
in VII, 2.2 for pairs of oriented simplexes ¢;” and ¢;*. Hence the intersection 
number of two chains is an element of the prescribed coefficient ring N. 
The following proposition is very often useful: 
1.11. If x? and y“ are two chains of R” in relative general position, there 
exists an e > O such that every edisplacement maps x? and y? into charns 
wv’? y® which are also in relative general position and such that 


(XP X y") = GE X y“). 
73 
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For, let Ty and T, be any two simplexes of the complex | x” | u | yf | such 
that the distance pp, between the closed convex hulls of 7% and T: is posi- 
tive. Then to prove the assertion, it is enough to take e less than one half 


the minimum of the pr. 
§1.2. Computation formulas for intersection numbers. It follows from 


VII, Theorem 2.1 that 

(1.21) FREI Sy eee 

The following formulas follow immediately from Def. (1.1): 
xt) = Ce? & yn") Hex), 
(ha? + ae?) X oy") X) + OO? X y); 
(1.23) ae” X yf) = (2 ayy = alè X y’). 


(1.22 


The following proposition is very important: 
THEOREM 1.2. If ni = r, m = s, r +s = n + land the chains x", y of 
R" are in relative general position, then 


(1.24) (2 X Ay’) = (1) (A X y’). 


Proof. Because of (1.1), (1.22) and (1.23), to prove (1.24) it is enough 
to prove the analogous, formula for two oriented simplexes: 


(1.240) (iX At") = (—1)"(At’ X t). 





If the closures of the simplexes 7" = | 4’ | and 73° = | t | are disjoint, 
both sides of (1.240) are zero and the formula is valid. 

Suppose that T,” n 72° = 0. Then the intersection of the carrying planes 
of the two simplexes is a straight line, because of the assumption that 
they are in relative general position; and the intersection of the two sim- 
plexes themselves is an (open) segment, since they are bounded convex 
sets, 1.e., 


fin Nn Ts = (0102). 


Each of the two points 01, o lies on the boundary of one of the simplexes 
Tř, Të and is an interior point of the other simplex. We distinguish be- 
tween two essentially different cases: 

1°. Both points o, and œ are on the boundary of a single one of the 
simplexes 7r, T's". 

2°. 0, is on the boundary of T\ and o is on the boundary of Té. 

Proof of (1.240): Case 1°. (Fig. 150 shows the caser = s = 2.) Suppose 
that both o and os are on the boundary of Ti”. This assumption is not re- 
strietive, since, notwithstanding the apparent asymmetry of (1.24) with 
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Iria. 150 


respect to the chains x” aud yf, it is easy to verify that 
(1.24) Gi Xe At) = (1) Ay X a) 


follows from (1.24) and (1.21). 

Since the two simplexes are in relative general position, o) and os are 
interior points of two distinet faces Tı and Ta of TY. Let 7,” be the 
common face of Tı and Ty"; and let ar, a be vertices of Ye 
Ti, respectively, which are not vertices of 7} ”. For arbitrary orientation 
t of Ty’, the simplexes 


tu (ayty*) 


and 
he = (ati?) 


appear in At, with opposite signs (see VII, 3.2, Property 2). Since the left 
side of (1.240) is zero, because the points o; and o , in view of the relative 
general position of f° and fs‘, must be interior points of 72°, (1.240) is 
equivalent to 


(1.2401) Gig X t5) = he x): 


To prove (1.2401) we choose an (s — 1)-simplex | ts | in the plane of 
T such that the segment (003) does not interseet the plane of | & | and 
such that the vertices of | & | are in general position in RR" with respect to 
the vertices of 77” (in Fig. 150 the simplex | & | is a face of 7°). Then 


(ty X t) la a) + Hlo) [R° Co t), 
(he x t) ro] a [ta (032) ] $ [R" (ost ta) ]. 


(For definitions and notation, see VII, 1.4, 1.5 and 2.1.) But, by VII, 
Theorem 1.51, 








in C) = (at Nat) = +1, 


since the points a, and n are on the same side of the plane determined by 


41"? in the plane of u. 
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Analogously, 


9 


io at) = (at) (o) = +1. 


Consequently, 

Gain (a Xej = bla) R a e, 
(ti XX be?) = tlo) - R” (ot). 

Furthermore, 

(1.242) l (oi) = tè (oala), 


since vı and o are on the same side of the plane of & in the plane of %° [the 
segment (0102) does not intersect the plane of ta]. Finally, 


(1.243) R (ahh) = R” (oats be), 


since o, and o: are on the same side of the plane of (ht) in IR” [the inter- 
section of the plane of (hL) with the plane of &° is the plane of & and 
the segment (0102) does not meet the latter plane]. 

Formulas (1.241), (1.242) and (1.243) imply (1.2401), so that (1.240) 
follows and hence (1.24) for Case 1°. 

Proof of (1.240): Case 2°. (See Fig. 151 for the case r = s = 2.) Suppose 
that the points o; and o are on the boundary of the simplexes 7' and T° 
respectively, and that they are contained in the faces 77" and T! 
(o and oz cannot belong to faces of lesser dimension because Ty and Të 
are in relative general position). Let a; be a vertex of 7;"' which does not 
belong to T; (i = 1, 2; nm = r, na = 8). If” and 4°" are orientations 
such that 


i" = (al), ty = (axt), 
then (1.240) becomes 


(1.2402) (xe Seely dr soe). 





sl 
and | ts” |, respec- 
sol . 
and | ° | opposite 





To prove (1.2402), let br and by be vertices of | 477 
tively, and let | 4"? | and | &~ | be the faces of | 477! 














Fig, 151 
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the vertices bı, b». Choose the orientations of | 4"? 


i = bsy, I = (6), 





and | & "| so that 








Since the segment (0b) (¢ = 1, 2) does not meet the plane of | 4? |, 
o; and b; are on the same side of the plane of the face | ¢;""" | in the plane 
1 
of the face | ;"*~ | ; hence 
c n;—l ng? . 
(1.244) t; (oit; 7 ) = +1 (i = l, 2). 


Furthermore, o» and a; are on the same side of the plane of the face | 4" | 
in the plane of |t | [the former is also the plane of the simplex (od ”)]; 
therefore, by VII, Theorem 1.5, the orientations of (oti) and t = 
(at ™) are coherent, i.e., 





(1.245) a loot”) = +1. 
Similarly, 
(1.246) 12’ (0109) = hl) = +. 


We now compute 
(E sen) l (oo ")] - EI Tl el, 
(aot x te) = [47 ko eleo e IR" Corts” "orte N: 
or, by (1.244)-(1.246), 
X bt) = R" (oie), 
(io eR) = Ra br): 


But 
(oh te) Cait och” ) = (-1)’, 


from which (1.2402) follows. 
This proves the theorem. 
$1.3. Corollaries of Theorem 1.2. Generalization of the definition of inter- 


section number. 
THEOREM 1.31. Suppose that a cycle z” and a chain x" of R" are in relative 


general position. If 
2?~0 in RN Ar, 
then 
(2 eas 
(For the definition of the body E of a chain 2” see VII, 5.2, Remark 3. 
For convenience of notation, we denote the body of Av” by Ax.) 
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Proof. Let 2? = dx? **, where 2”* is in RYN Ar“. Let e < 4p(@?", Ax) 
be a positive number chosen in accordance with 1.11 for the chains 2” and 
x’, and map the chains x” and x? into chains c”, x’ by means of an 
e-displacement so that the following condition is satisfied: 

1°. The set of all vertices of both chains x?” and x’ are in general posi- 
tion. 

Then, in view of 1.11, the following condition is also satisfied: 

2°. If 2” = Ar?" then 


(2? X x“) = (2 KUN. 
It is sufficient to prove that 
GR», 
But wand x” satisfy the conditions of Theorem 1.2; hence 
(2 XK wl) = (Aa X xl) = ale & Ar’) = 0 


This is what we were to prove. 

As a special case, we have 

1.310. Lf zı” and 2" are cycles in relative gencral position in R”, then 
(21? x 22°) = 0. 

Indeed, suppose to begin with that p < n (we also assume that if p = 0, 
z is a normal eyele). Then 2? ~ 0 in R”, Az = 0 and 1.310 is a special 
case of 1.31. 

Now let p = 0 (so that y = n), and suppose that z” is not a normal 
cycle. In view of (1.22) and (1.23), we may assume that 2;"is a point with 
coefficient +1, chosen so that it is in general position with respect to 22”. 
If y" is a second point with coefficient +1, chosen in AR" NĀ” (the set 
23" is bounded, so that y' exists), then 


(y" x za") = 0; 


0 N. 
z — y isa normal eyele and we have proved above that 


The remaining case p = n does not require special proof, since in that 
case ¢ = 0 and because the proposition is symmetrie in 2 and zf, the 
theorem is also true in this case. 

Theorem 1.2 leads to a significant generalization of the conditions in 
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which the intersection number of two chains is defined: for p + q = n, the 
intersection number of two arbitrary chains wv? and x? in R” is defined if 


(1:32) T n Ax’ = 0, Av’ n & = 0, 


1.¢., af neither chain intersects the boundary of the other. 

To show this, we choose e > 0 so that 3e is less than p(#”, Av"), p( Av”, 3°) 
and the least distance between any pair of distinct vertices of x”, x“. 

We subject the vertices of x? to an e-displacement S’ such that the chain 
x’? resulting from x” after this displacement is in relative general position 
with x’. 

The intersection number (x? X x”) is defined and we set 


(1.383,) Ce Sen). = Ce ca, 


We shall show that this definition is independent of the choice of the 
chain x”, ie., of the e-displacement to which x” is subjected. Let S” be a 
second e-displacement (satisfying the same conditions as 3S’) resulting in 
v”?, We shall show that 


(1.331) (2? X a) Sg X x). 


Since neither S’ nor S” maps two distinct vertices of x 
vertex of x’? or x””, the chain x”” 
the 2e-displacement S = S”S’™. 

Enumerating the vertices of x” in a definite order and using the induced 
order of the vertices of 2”? and 2””, we consider the prism Mt’? spanned by 
x” and its image w”” under S (VII, 9.3). The entire prism is contained 
in a 3eneighborhood of the set. 2”, that is, in RYN Aa“. By VII, (9.34) 


? into a single 


may be obtained from x? by means of 


Alle? = a’? — aX”? — TA’; 
hence 
al? a"? — WAY? ~ 0 in RIN Az’, 
and consequently, in view of Theorem 1.31, 
(fa? — 2”? — IAr?) X) = 0. 


However, since Ax’? is contained in a 3e-neighborhood of the set Az’, 
ie in RN #, it follows that (MAr? X x?) = 0, i.c., 


(a? — °] X a") = 0, Ce? X Saar? sca): 


This completes the proof. 
To supplement this result, we add the following remark. Let us map the 
: : : ee 
chain x? into a chain &°” by means of an e-displacement so that x’ is in 
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relative general position with x” (e has its previous meaning). We shall 
prove that 


(1.334) exe) ea), 


where the left side is defined by (1.33,) and the right side is to be taken in 
the sense of 1.1. To prove (1.33,), we choose an e-displacement 2’? of x” 
such that 2’” is in relative general position with both 27 and x°. Then the 
definition of the intersection numbers (x? X x"), (2’? X x") (in the sense 
of 1.1) and arguments completely analogous to the preceding show that 


(a X ai) = (al? X a°), 
RA) X), 
so that 
(2? X 1) = OP REN, 
This is what we were to prove. 
Hence, 


1.33. If neither one of the chains x’, x" intersects the boundary of the other, 
the intersection number (x? X x") can be defined by any of the formulas 


(2? X a") = (ax), (8 X x) = (2? X 2"), 
(a? x 2°) = (a? x ze), 


where x’? and x" are arbitrary sufficiently small displacements of 2? and x" 
which are in relative general position with all the chains appearing in (1.33). 
Remark. Formulas (1.21)-(1.24) obviously remain valid for the gen- 
eralized definition of intersection number. 
$1.4. The linking number. Let z,” and 2°” be {wo nonintersecting cycles 
in R’, with p + q = n and with zı” a normal eyele if p = 0. Let a’ bea 
chain such that 


(1.33) 


4 


41 
Au’ = Bi: 


Since (1.32) is satisfied, the intersection number (x? X 27!) is defined. 


1.41, The value of (a X 20°") is independent of the choice of the chain 
p+ 


aes Le, 
p-|-1 —} 1 = 
(1.41) Cae X a) = (a t X 2) 
i $ 1 ; 
Jor two arbitrary chains ay? and xt such that Ar? = An’ = aP, 


pti +1: ý 
For, 1” — aw? isa eyele; hence, by 1.310, 
pH or 
(he = ay! ] x zur ) = (). 


Then (1.41) follows from (1.22 
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DEFINITION 1.42. Suppose that 2°” and Ant? = 2? are eyeles whose 
bodies are disjoint. The interseetion number (w?! X 2°) (which is 
independent of the choice of x? ", provided it is bounded by zı”) is called 
the linking number of 4” and 2°” (in the given oriented R") and is de- 
noted by v(zı?, 22°"); it is an element of the eocflicient domain N. 

We shall prove the following remarkable and important formula: 


(1.40) v(a”, 2o7 1) = zu", 2”), 
or, more preeisely, 
(1.4) v(z”, za!) == Pua e a: 


REMARK. It is of course assumed that both sides of (1.40) and (1.4) are 
defined, i.e., that if p = 0, 2,’ is a normal eyele, and if q = 1, z isa normal 
eycle. 

Proof. Choose chains x’** and y” in relative general position such that 


At = a”, Ay? = za. 
In view of (1.24) and (1.21) we obtain 
va’, 2) = (#7 X Aay) = (NR X y") 
= (=1)P(— 1) OU KA NET), 


This completes the proof. 

It now follows that: 

If vla”, 2°") < 0, then v(2"", 2”) = 0; in that case the cycles 2)’, 
zo” ' are said to be linked. The simplest examples of linking are shown in 
Figs. 150 and 151, where z = Aty’, 20 = Aty and v(z', 29) is 0 in Fig. 150 
and | in Fig. 151. In Fig. 152, 2° = At’, zo = At’, v(z1, 20) = 1. In Figs. 
153, 154, 155 and 156 it is neeessary to add mentally properly oriented 
polygonal lines with sufficiently fine links under the curves (so that the 
polygonal lines are chains of a complex). The linking numbers are, respec- 


Fre. 152 
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CO CO AR, 


~ 


Bia, 153 Fic. 154 Fic. 155 


tively, 1, 0, 2, 0. The reader should in each case verify the validity of (1.40) 
and (1.4) by constructing the corresponding chains ty and x2” bounded by 
the cycles zı and z+. If the ring X = J2, then (zy, z2) = 0 in Fig. 155. 

§1.5. Computation formulas for the linking numbers. In this subsection 
we assume that if p = 0, then 2°, zu, and 212 are normal cycles; if p = 
n— 1,27, 24°, zu’ need not be normal eyeles. 

The formulas 

vu” £ zh 22°") = Vlnu, 2671) E vlz, 20°), 

(1:51) 
ua, [za + a) = Mar’, zu”) + Mar’, zu"), 
(1.52) v(az”, 2°") = v(a”, au”) = avlz, 2°") 


follow from the definition of the linking numbers and from (1.22) and 
(1.23). 

Another consequence is the following important 

THEOREM 1.53. If a’ m Oin RYN 2°°, then 


var, a) = va, ar”) = 0. 


ne . 7 - q-l . i 2 es 
For, if 21? ~ 0 in RN 2°”, then there exists a chain wP CR” \ 2,77 
1 Hl —1 
such that Au" = 2’ and A" X aT) = 0. 
REMARK 1. Setting 


z = (x — w) + ( — 2°) 


. . ~ = 0 0 . . vo. » 

in the plane Fig. 157, where x, v are points with coefficient 1 in the do- 
Ý . oo. | U ry. 

mains exterior to the leminiscate 3,', we have v(i), 22) = 0. The evele z! 

. . » o 0 0 0 

is linked with each of the normal cycles a? — u’, y — rt’ and 


1 ; 32 =p 0 : 2 = 
za ~0 nl \®, z w0 mN. 


Hence the converse of Theorem 1.53 is not true in general. We obtain the 

analogous example in three-dimensional space by replacing the pairs of 
x a 0 0 0 . a 

pots we — u, y — v by circumferences (1-spheres). The reader should 

now turn to this example, which is discussed in 3.2 and 3.5 (see the Remark 

at the end of 3.2 and also Figs. 159, 160). 
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Fıa. 156 


i 
Zi zi 
Fıc. 157 


Remark 2. In view of Theorem 1.53, it p clear from Iig. 158 that the 
curves of Ta 156 are not linked for % = ./. Similarly, by inseribing a 
Möbius band in z,! which does not mlet 2 [its boundary (mod 2), as 
in the intuitive geometric sense, will be z1'] it is verified that the curves 
of Fig. 155 are not linked for Y = Ja. 

In Theorem 1.53, in addition to the coefficient ring 9, from which the 
coefficients of the eyeles zı? and 2°” are taken, we may also consider still 
nn ring X D A. Then 

53’. If a cycle z? is homologous to zero in R" N 22°” over the ring W, 
ies vla’, ae) = 0. 

This proposition follows immediately from Theorem 1.53 if the eyeles 
2,” and 2°” are thought of as cycles over W and it is remembered that both 
and W have the same zero element. 

The most. important special case is, as always, the case U = J, T =: 

1.54. If zı? and 2°” are integral cycles and z? € T’(R"N 2°"), or if 

|! e FI" (RR? \ 2), then vlz, 22") = 0. 


Hence, 
ae E” = q-l ` bon 
1.55. If zu” ~ zu? in R"N 22 over the field of rational numbers N, then 
=l p a—l 
ven”, 2" ) = va ae 


$1.6. The case 2” € Zy’(Ko), * z! € Za T (K*). All of the preceding 
theory remains valid, of course, if AR" is replaced by S°: it is sufficient to 
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Fig. 158 


regard S“ as R" compactified by the addition of one (infinitely distant) 
point; it is also possible to develop the entire theory for S“ by beginning 
all over again and using the terminology of spherical geometry. (In the 
latter case, however, it would be necessary to restrict the discussion of 
-cycles to normal cycles). 

Now let A be a triangulation of S” and let Ay and A* be respectively 
the barycentric subdivision and the complex of the barycentrie stars (the 
barycentric complex),of A (IV, 5.2). For the sequel, we choose a definite 
orientation of K. 

Suppose that 2” € Zy’(K), *z" € Zu" (K*). Then the linking number 
v(z”, *2*") of XIII, Def. 4.5 is defined. On the other hand, we have just 
defined the linking number v(z?, sı*2?") of the cycle z” and the barycentric 
subdivision s,*z7 of the cycle *z°” (the conditions of 1.4 are obviously 
satisfied). We shall prove that 


(1.61) v(2”, tz") = v(2”, T. 


Returning to the notation of XIII, we denote by t” the orientations of 
the n-simplexes 7" € A coherent with the chosen orientation of A. Let 
P, p < n, be arbitrary orientations of the simplexes 7? € Ay and let *2,? 
be the baryeentrie star dual to 7,” oriented so that (4? X *#;7) = 1 in the 
sense of XIII, 3.1. From this definition it follows, in particular, that *7 
is the centroid of T” taken with coefhcient +1. 

The chains 4? and *4° satisfy the conditions (1.32); hence the inter- 
section number of these chains is also defined in the sense of 1.33, and 
we denote this intersection number (until the end of this section) by 
(L Q *t,{). We shall prove the lemma 


(1.62) Che B FW) = (4 ee) 
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Since the bodies of 4” and *t" (i # 1) are disjoint and (4? X 49) = 1, 

it is sufficient to show 

(1.63) WOr)=L 


It is easily seen that (1.63) is true for q = 0, p = n. Let us assume that 
it has been proved for y and prove it for q + 1, i.e., we assume that 


LP. Oth SI 
and prove that 
ROHDE 


To this end, suppose that | &? | € Ox| tj," |; then (7:0!) < 0 and ac- 
eording to NITI, (3.31), 


Ch Si = aly ae ay), 
Applying (1.24), we obtain 
RT) = a) 
UELI @ ar") 
= (FD EI SO) 
= (X-FI) 1?) 


= |, 


which eompletes the proof. 
r 1 . r 
We now denote by Pt = >> ext,?* a chain of K bounded by the cycle 
aP 
& 


Suppose that 
et OD tts E LURS). 
On the one hand (by NIIT, Def. 4.5), 
Oe ee Se = Dnr eda es 


while, on the other hand, the Imking number of these eyeles in the sense 
of Def. 1.42 1s equal to Sine (te? O*L). In view of (1.62), both ex- 
pressions are equal and this completes the proof. 
$2. Linking of proper cycles 

§2.1. Definition of linking numbers for proper cycles. Suppose that 
p cC R”. Every ecycle z” of the compactum © is a cycle of the open set 
S(®, e) (see the introductory remarks at the beginning of this chapter). 
Hence if 27 is a eyele of the open set RN S(®, ©), the linking number 
v(zP, 27") is defined. 
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Now let 


ge = (2, 22, ... > Êk 3 +) 


be a proper cycle of ® and let 277 € Z™'(1) be a eyele of the open set 
r = R”N d. There is an e > 0 for which 2°” is a cycle of the open set 
r. = R"N (è, e). On the other hand, the definition of proper cycle im- 
plies that all the z” for sufficiently large k are cycles of the open set S(®, e) 
and are homologous (to each other) in this open set. Hence, in view of 
Theorem 1.53, the linking number v(z,”, 27!) has the same value for all 
sufficiently large k. This constant value is called the linking number 
v(5”, 2°") of the proper eyele 5” of the compactum ® and the cycle 2" of the 
open set T = R" N ®: 


(2.10) v(5", 2°") = va”, 2’) 


for sufficiently large Ñ. 
Now let ® and ® be two disjoint closed subsets of R”. Let e > 0 be such 
that the neighborhoods S(P, e) and S(P’, e) are disjoint. Let 
cy ees gn Do iP. Pp 
32 = (2 very, tt k; vee) 


and 

11 _ a1 q-1 9-1 

6) = (4 2 ttt Êk er) 
be proper cycles of ® and ®, respectively. For all suflieientlv large k the 
cycles z,” are in S(®, e) and are homologous there, and the eyeles z! 
are in S(®’, e) and are also homologous in that set. Therefore, the linking 

= 3.8 . 

number v(z,”, z") has the same value for all sufficiently large X. This 


value is called the linking number v(5”, 5°") of the proper cycles 5” and 


„a1 
5 . 


REMARK 1. It is clear that 
_P uml =f 
v(3,5 ) = he, 
for all sufficiently large i and j. 

From these definitions it now easily follows that (1.51) and (1.52) remain 
valid for the linking numbers of proper eycles of $ and cycles of I = RN &, 
and also for the inking numbers of proper eyeles contained, respectively, 
in disjoint compacta P and ®’. 

Furthermore, 

2.11. Zf 


or 
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then 
ee aes = 0. 
In exactly the same way, if at least one of the conditions 
55~0 mb, nd ind 
holds, then 
0(5”, 5°) = 0, 
1 


here z” Tel pastas ne er Pre . . . it 
where 3 and 5 are proper cycles contained respectively in disjoint compacta. 
P and P. 
It follows that 
` nn aP . $ . . 7 t slas : 
2.111. If 51°, 5: are proper cycles of ® which are homologous in &, and 


>j 3 
5° isa proper eyele of ® C R” N &, then 


ee Er 


DEFINITION 2.120. Two systems of cycles 


) 


v( 5a! 


(2.121) 5P, Ses 5? Sirah 
and 

ak -1 -1 o 
(2.122 a ee ee. T 


are said to be linked tf 
co] ses 
v5, z ) = bi; (iJ J 1, 2, = , $). 


In this definition the cycles (2.122) may be replaced by proper cycles of 
any compactum P CT = RN &. 

THEOREM 2.12. If the systems (2.121) and (2.122) are linked, then the 
cycles of (2.121) are lirh in ® and the cycles of (2.122) are lirh in T. 

The proofs of both assertions are completely identical. 

For instance, suppose that D ci5? ~ 0 in & Then by 2.11, 


W( >, cig, a) = 0 (1 S<h< s). 
But 
ic ee e create Piven = ee 


Hence cn = 0 (1 < h < s), which completes the proof. 
$2.2. A deformation theorem for singular cycles. 
2.2. Let 30° and 50° be two singular cycles in R”, and suppose that their 


parametric representations (XI, 4.7) are 


p p p 
5o = (Cozi ; (022 , vee) 
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and 
ae pan E ae AR -), 
If 
5 á = C 7 = C ze p rn ) 
39 ( 8-1 l = K 5) | (O<6< 1) 
s = (Coa, Coze”, =) | 


are deformations of these parametrie representations, where for cach value of 3 

there are disjoint compacta ® and Ds’ in R” which carry the singular eyeles 
=i . 

50" and 50° respeelively, then 


- -! 
OCS 30) = W3, 5). 


Proof. For a prescribed &, 0 < b < 1, let S(¥e,), S(Pa, ) be disjoint 
neighborhoods of Pa, and ®a,’, and let Us, be a neighborhood of 0a relative 
to the segment 0 < 0 < 1 such that 6 € Us, implies that bg  S(®,) and 
D C S(®,'). Then, according to XI, Theorem 3.42, 55° ~ 30,” in S(®s,) 
and 59°" ~ 50° in S(®,'). Therefore, in view of the results of 2.1, 
v(30”, se”) is constant in Us. Since this is true for arbitrary 4, 
v(30”, 30°) is constant on 0 < 6 < 1 and consequently v(30”, 30”) = 
v(51?, 51°). This completes the proof. 

REMARK. The sphere S” may be substituted for the space R” in all the 
arguments of this section. 


` 


$3. The little Alexander duality 


$3.1. Introductory remarks and formulation of the theorem. Iu this 
section we use the following notation: ® is a curved polyhedron imbedded 
in S”; T = S” N ®; Ko is a curved triangulation of $; M is the field of ra- 
tional numbers or a field Jm, m a prime; r ($, W), m’(T, A) denote the 
rth Betti numbers Gf W = 9) and the rth Betti numbers (mod m) 
Gf % = Jm) of & and T, respectively; in this connection, m (®, W) or 
r (T, %) is defined as the number of components of ® or T less 1, whatever 
Wis. In this notation, the litlle .Llerander duality is expressed by the formula 


(3.1) T(S, W) = UT, 


wth0os<spse-Lae=n- p. 

\Ve shall give an elementary proof of the little Alexander duality in this 
section. The proof is based on the results of XIII, but is completely inde- 
pendent of those of XIV. 

Let Q be a fixed triangulation of S” and let Q. be a subdivision of Q of 
mesh < e; we then denote by X. the complex consisting of all the simplexes 
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of Qe whose closures intersect ® together with all the faces of these simplexes 
and by & the body of the triangulation W.. 

$3.2. Proof of Theorem (3.1). 

LEMMA 3.20. If Bes a Lebesgue number of Ko , then a eyele z” € Z?(Ko , 0 
which is not homologous to zero in Ky is not homologous to zero ind... 

5 Š a? g í R 

Proof. Suppose that 2” € Z?(Ko, XW), regarded as a proper eyele (sec 
XI, 4.6), is homologous to zero in ®. . 

Let A be large enough so that the barycentric subdivision saz” of 2” of 
order A is the boundary of an echain x, of & : 


à „P 
Av, = Sn. 


Assign to each vertex e; of xe not contained in ® a point of $ which is near 
e; ; this assignment defines an edisplacement which maps wr, into a Be-chain 
Use Of P, and 


x „P 
An's, = Nh . 


-\ canonical displacement relative to Ko now maps the chain 23. into a chain 
vy of Ko and saz” is transformed into 2? = Axo. 

A special case of Lemma 3.20 is 

Lemma 3.21. If the eveles 
(3.21) a’, iS met 2,” € Z’(Ko, N) 


are lirh in Ag and 3eis a Lebesgue number of Ao, then the system (3.21) is 
lirh in & . 

Lemma 3.22. If the cycles (3.21) are lirh in Xo , then there is a system of 
cycles 


(3.22) ge l! € ZTT, 3] 


) $ 
in T which is linked with the system (3.21); consequently, thesystem (3.22) 
is lirh in T. 
Proof of Lemma 3.22. In virtue of Lemma 3.21, the eyeles (3.21) (re- 
garded as proper cycles of $.) are lirh in P. ; a canonical displacement of &; 
into A, transforms them into cycles 


(3.210) Zo1 


of A, , lirh in A. . In view of XIL, Theorem 4.61 we can construct a system 
of eyeles (3.22) in Te = S" \.& which is linked with the system (3.210). 
Since z;” ~ Zo,” in ®& , 


p „a P 
5 ey 


Baar year); 


hence (3.21) and (3.22) are linked. 
Remars. Suppose that the cycles (3.21) are integral cycles of Ao which 
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form a (J, R)-basis in Ay. Repeating the preceding argument, but this 
time using XIII, Theorem 4.62 (instead of Theorem 5.61) at the end, we 
obtain a system (3.22) of integral cycles linked with (3.21). 

Hence 

3.220. Ifa system of integral cycles (3.21) formsa (J, W)-basis in Ko, then 
there crists a system (3.22) of integral cycles linked with (3.21). 

We shall return to this proposition in 3.3. 

Lemma 3.23. If (3.22) is a system of cycles lirh in T, then there exists a 
system of cycles (3.21) lirh in Ko which is linked with the svstem (3.22). 

Proof. There is an e > 0 for which all the cycles (3.22) are contained in 
the polyhedron T. , where Pe = S” \.®,, and are lirh in T. . In view of the 
preceding lemma, there exist cycles 


ıp ıp 
21 FE j Ža 


in SYN De C & such that 
vlz”, 2 oe) = 6;;. 


Replacing the eveles z;” by sufficiently fine subdivisions of these eveles, 
we obtain, after a canonical displacement, the required cycles 


2" eee >? 
£l 3 yes. 


This completes the proof of Lemma 3.23. 
Now let (3.21) be a maximal system of cycles lirh in Xe. Then 


T(P, AW) = w"(Ko, W) 


To show this, we construct a system of cycles (3.22) linked with (3.21). 
The cycles (3.22) are lirh in T. We shall show that they form a maximal 
system of cycles lirh in T. 

Suppose that there is a evele 27" £ ZTT, X) such that 


are lirh in T. Then, by Lemma 3.23, there exist s + 1 lirh p-eyeles, which 
contradicts the fact that #’(Ko, MW = s. Since (3.22) is a maximal system, 


DM = 8 = He. 


This completes the proof. 

REMARK. It can be proved in exactly the same way that every system 
of cycles (3.21) which is linked with a maximal system of cycles (3.22) of 
the open set T is also maximal. 

Hence, 

3.2. Let ® = || Ko | be a curved polyhedron in S". Given a maximal system 
of lirh p-eyeles of Ko (or of F = S*N b), it is possible to construct a system 
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Fig. 160 


of (q — 1)-cycles of T (or of Ko) linked with it; furthermore, the resulting 
system is maximal. 

In Theorem 3.2 the coefficient domain can be either the field of rational 
numbers or any of the fields Jm , ma prime. Fig. 159, where p =q—-1=]|], 
n = 3 and the polyhedron @ is hatched, illustrates the theorem. 

REMARK. The cycles z,” and 2,” of Fig. 160 form a (J, Jt)-basisin® and the 
cycles 4°, 2°” form a (J, N)-basis in T (Fig. 160 shows the homology 
tn af? + 2" in T). Therefore, Figs. 159 and 160 exemplify not only 
Theorem 3.2 but the so called little Pontryagin duality as well. We now 
turn to this duality. 

$3.3. The little Pontryagin duality. Since the concept of homology basis 
coincides with that of a maximal system of lirh cycles of a given dimension 
for the coefficient domains prescribed at the beginning of this section, 
Theorem 3.2 may be reformulated as 

3.30. Given. a p-dimensional homology basis of Ko (or T) over X, tt is pos- 
sible to construct a (q — 1)-dimensional basis of T (or Ko) linked with the 
prescribed system. 

This is the theorein we refer to as the little Pontryagin duality over the 
coefficient domains U = Jm, A = NR. 

A deeper result is the analogous proposition for the (J, Jt)-bases: 

33. THE LITTLE Ponrryacin Duarry. Given a p-dimensional (J, R)- 
basis of Ky (or of the open set T), it is possible to construct a (q — 1)-dimen- 
sional (J, I)-basis of the open set T (or of the complex Ko) which is linked 
with the prescribed basis. 
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Proof. We know from Theorems 3.220 and 3.2 that, given a p-dimensional 
(J, W)-basis 
(3.31) Sparks ee 
of Ko, it is possible to construct a maximal system of integral cycles 
yo ql q-l 
(3.32) Be OSS nae 
of r linked with (3.31). We shall prove that (3.32) is a (J, 90)-basis for 
3 7 i —1 è è 
r, ie., that for every integral (q — 1)-cycle 2°” there exists a linear com- 
bination >> cjf of the cycles (3.32) with integral coefficients ¢; such 
that 
-1 -1 fya— 
a BET, € If? (T). 
First, we note that because the system (3.32) is maximal, 
q-l a „ am] 
22 ea) Dees 
where the coefficients ¢; are rational. 
Hence 


val, 2) = Dewees") = Diets en 


A a... i is ; 
Since v(z,”, 2") is an integer, all the coefficients c; are integers, and so 


g—1 9-1 
z = a Cili 
is an integral cycle. Since it is homologous to zero over Rt, it is contained in 
rl ` 1: 3% ` . 
1’ (T). This proves that the cycles (3.32) form a (J, W)-basis for r. 
REMARK. This proves, in particular, that r has a (J, W)-basis for every 
dimension r. 
Now suppose that (3.32) is any (J, 9t)-basis of F. 
Let (3.31) be any (J, It)-basis of Ag and construct a (J, 9)-basis 
(3.33) TEEN a 
of F linked with it. Since (3.32) and (3.33) are (J, N )-bases of T, 
--| ` PE 
zu (T-~) Dek Mat” E 
4-1 ` -l 
t" (Day) Don denen, 


where the matrices A = (anm) and B = (bin) have integral elements and 
are inverse to each other; consequently, „| and B are unimodular. 
We now seek Hnear combinations 


4 pP De a p 
u = Nike; 


Pp 


with integral coefficients of the eyeles 2,” such that 


vu) = by. 
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To this end, we solve the system of equations 
a P . al u . ; = = : 
TOD E YS On [7k = 1,2, 02+ Ko) = a" (P| 
for the En . But 
„n a! --] 
Zh (T-~) >> Qnty? 7 
Therefore, the system of equations may be rewritten as 


v( ae E27, 2%, All = = $i, 


i.e., 
ri Amil, u") = ba; 
or, since v(z,”, Uk) = dj, as 
5 An jeij = Ò ih : 
Since det (a.;) = +1, this system has a unique integral solution. 


The resulting integral cycles w” form a maximal system of lirh integral 
cycles of Ka . Exactly the same reasoning which we used in the first part: of 
the proof will show that the cycles u,” form a (J, W)-basis of Ay. This 
completes the proof of the theorem. 

$3.4. Closed (n — 1)-dimensional pseudomanifolds in S” (n > 2). The 
Jordan-Brouwer theorem. Since r(T, 9) + 1 (for every %) is equal to the 
number of components of T, we deduce from (3.11) (setting p = n — 1 
and Y = Im): 


3.41. For every curved polyhedron ® in S”, 
nr" (S) = Tn ($). 


If, in particular, ® is any (n — 1)-dimensional closed pseudomanifold, 
then 73” "(@) = 1; hence #” '(®) = 1, and ® is orientable. Since #’(T) = 1, 
T consists of two components. 

Therefore, 

3411. Every (n — 1)-dimenstonal closed pseudomanifold in S” is orient- 
able and separates S" into two domains. 

We shall now prove that if P’ is an arbitrary closed proper subset of ®, 
then the open set IY = R" N dis connected. To do so, it is sufficient to 
show that every pair of points pı and ps of T” is contained in a connected 
subset of I’. To this end, we take a curved triangulation K of ® of suffi 
ciently fine mesh such that the subcomplex Ao of A consisting of all the 
simplexes of K which intersect ® and their faces is a proper subcomplex 
of K whose body |: Ko |, contains neither of the points pi , ps. 

Then #” (Ku) = 0, so that in virtue of (3.1) the open set 


To = RN | Koll SY 
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is connected. Since To contains both of the points pı and pz, we have 
proved our assertion. 

It now follows that (see II, Theorem 1.2): 

3.42. THe Jorpax-Brouwer THEeorem. Every (n — 1)-dimensional closed 
pseudomanifold in S” is orientable, divides S” into two domains and ts the 
common boundary of both domains. 

This theorem obviously remains true if R” is substituted for S”: it is 
enough to map S” onto R” by means of a stereographie projection with 
center of projection lying outside the given pseudomanifold ®. 

Let us consider more closely the case of a closed (n — 1)-dimensional 
pseudomanifold ® in R”. The bounded component of the open set 
Fr = R"\ is called the interior of & and will be denoted by Pù ; the un- 
bounded component of T is called the exterior of $ and we shall denote it 
by Ty. 

Let 2” be an orientation of the pseudomanifold ®. 

If o € La, then v(z”’, o’) = 0. For, since 0° ~ o” in Pa for two arbi- 
trary points of Te , it follows that v(z”’, 0’) assumes the same value for all 
o’ € Fo. Tosee that this value is zero, it is sufficient to take 0’ exterior to a 
cube Q” containing ® in its interior: then 2” ~ 0 in Q” and consequently 


v(z”", 0’) = 0 
foro € RNO" 


To determine v(z””', 0), where o € T, we first note that by Theorem 
3.220 there exists an integral 0-cycle 


2 = Yaw + Patol (ai € To, 0/ € Ta) 
such that 
v2" 2) = 1. 


Since v(z"", o) = Oand D> aw; ~ (DL, a,)o, where o is any point of To, 
it follows that 


n 


v@" ao) = 1 


+ 


where a = %,a;. Since 
v(e”, ao) = av(2”", o) 
and a is an integer, 
v(z", 0) = £1. 


è . =] 

Hence the linking number v(2” , 0) assumes the same value, 1 or —1, for all 
points o € To. 

Reaark 1. We shall prove the last assertion using Lemma 3.22 instead of 
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Theorem 3.220. By 3.22 there exists a O-eyele 2° over W for which 
v(z"™ 2) = 1, that is, there is an integral cycle 2’ for which v(2°™, 2") #0. 
Repeating the above argument, we see that v(z"", ao) = 0, so that 
v(z”,0) #0. This result remains valid if the coefficient domain J is re- 
placed by Jm, ma prime. Hence 


v(z""*, 0) # 0 (mod m), 


where m is an arbitrary prime. But it then follows that v(z"", 0) = +1. 
We may therefore state the following theorem: 
3.43. If ® C R” is an (n — 1)-dimensional eloscd pseudomanifold and 


n 


2" is an oricntation of ®, then the linking number v(z”', 0) assumes the 
same value at all points of each of the two domains into which ® divides R”; 
this value is zero on the exterior domain and +1 on the interior domain. 

DEFINITION 3.44. The number v(z", 0), where o € R"N 4, is called the 
index of the oriented pseudomanifold ® relative to the point o. 

$3.5. Remarks on linking of pseudomanifolds. In this subseetionall eyeles 
are integral eyeles and all homologies are weak homologies (that is, homolo- 
gies over Jt). In 1.5, Remark 1 we gave an example of a cycle 2?” (whose 
body was the polyhedron ®) and a eyele 2” of the open set T = RN 4, 
which was not homologous to zero in T, but was not linked with 2”. Now let 
® be a closed orientable p-dimensional pseudomanifold in PR”, let 2” be an 
orientation of ® and let 2” be a eycle of the open set T = R” N ®, which 
is not homologous to zero in r. By Theorem 3.3, there exists in Ta cycle 
2° forming a (J, W)-basis in T and such that v(z”, a") = 1. Then 
zw cx" in T. Sinee 2°" ~ 0 in T, it follows that c # 0; hence, 


v(2?, 27") = ev(z?, a’) = c #0. 


Therefore, 

3.51. If ® ts a closed orientable p-dimensional pseudomanifold and 2’ isa 
(q — 1)-cycle in T = R"N ẹ, then "SO in T if, and only if, it is not 
linked with ® [that is, if and only if »(z”, 2") = 0 for an arbitrary orientation 
2” of Èl. 

As a special case, let P and ® be two disjoint closed orientable pseudo- 
manifolds of dimensious p and g — 1 in R”. If one of these pseudomanifolds 
is homologous to zero in the complement of the seeond, then the second is 
also homologous to zero in the complement of the first, and this can oceur 
if, and only if, the pseudomanifolds are not linked. [In this context, homol- 
ogy and linking of pseudomanifolds refer, of eourse, to (arbitrary) orien- 
tations of the pseudomanifolds, and not to the pseudomanifolds them- 
selves.] We define the linking number of two disjoint closed orientable pseudo- 
manifolds & and ® of dimensions p and q — Lin R” to be the absolute value 
of the linking number of arbitrary orientations of the pscudomanifolds. The 
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nonnegative integer obtained in this way expresses a certain property of 
the mutual imbedding of the pseudomanifolds ® and ®’ in R”; the vanish- 
ing or nonvanishing of this number corresponds to the intuitive notion of 
“nonlinkiug” or “linking” (of two simple closed curves in R°, for example). 
We shall prove that the linking number of two pseudomauifolds is indeed 
a positional topological invariant, that is, a property which depends on the 
mutual imbedding of the two pseudomanifolds, but is invariant under 
topological mappings of the whole space AR” in which both pseudomanifolds 
are imbedded. In other words, we shall prove 

3.52. If C is a topological mapping of R" onto itself or onto another KEncl- 
dean space Ry", then the linking number of two pscudomanifolds ® and &’, 
$ C kh", &’ C R”, ts equal to the linking number of the pseudomantfolds 
((P) and C(?’). 

Proof. Let 5” be an orienting proper cycle of P. Denote by 5? a proper 
evele in T = RYN & such that v(5”, 517°) = 1 and such that 5,77 is a 
(J, 2)-basis in I. An orienting cycle 5/7" of ® satisfies the relation 

5 ~w ag nT, 

where a = v(5”, 5"") and |a | is the linking number of ® and ®. Since a 
topological mapping of Æ” induces isomorphisms of the Betti groups of I 
(see XIV, 3.3, where an even stronger theorem on the invariance of the 
Betti groups of a domain T under topological mappings of Tr onto itself is 
proved), the cycle C(3’"') satisfies the relation ((5/') ~ al (za) in 
C(T), and the cycle C(5:7") forms a (J, R)-basis of C(I"). If we choose in 
C(®) a cycle having a linking number equal to 1 with C(s:7"), we see that 
this cycle is an orientation of the pseudomanifold C(®) (and not a multiple 
of the orientation); hence it follows that C(5”), which is also an orienting 
cycle of C(®), has a linking number equal to +1 with C(5:7"). Conse- 
quently, 


VEN, COs") = av(C(5”), Ca) = a, 


i.e., the linking number of C(®) and C(’) is equal to | a |. This completes 
the proof. 


Part Fire 


INTRODUCTION TO THE THEORY OF CONTINUOUS 
MAPPINGS OF POLYHEDRA 


The theory of continuous mappings of polyhedra is one of the most im- 
portant and interesting parts of topology. In particular, the theory of con- 
tinuous mappings of manifolds, especially of spheres, formed the content 
of many notable topological investigations of recent decades. As in many 
other cases, the foundations of the theory were laid in the classical papers 
of Brouwer (see the Mathematische Annalen, vols. 70-72 (1911-1913)). 
The papers of Brouwer and Hopf, whose methods are related to those of 
Brouwer, furnish the fundamental content of the last. two chapters of this 
book, particularly that of Chapter XVI. Chapter XVII is devoted to the 
remarkable fixed point theorem for polyhedra, proved by Lefschetz for 
manifolds and first extended by Hopf to arbitrary polyhedra. 

The choice of material for the last two chapters was dictated not only 
by the finality, importance and classical nature of the results, but also by 
the esthetic appeal of the intuitive nature of the theorems and the methods 
of proof. 

Finally, we must note the value of this type of question in the history 
of mathematics and particularly of topology. The value acerues for three 
reasons. First, topology, which is still a very young branch of mathematics, 
draws strength from the theory of continuous mappings of the simplest 
manifolds. Secondly, this theory yields the first applications of topology to 
analysis and this is evidence of the many bonds connecting topology to the 
rest of mathematics. Finally, this theory is responsible for the profound and 
continually increasing influenee of topology on the development of the 
mathematical thought of our time. 

As for the literature of the theory of continuous mappings of manifolds 
and polyhedra, in addition to the papers of Brouwer mentioned above, we 
cite the famous paper of Lefschetz on intersections in complexes and mani- 
folds (see Lefschetz [a]). This paper was the first to give an algebraic 
theory of continuous mappings of manifolds based on intersections (the 
intersection number discussed in Chapter XIII is the simplest concept of 
this theory). Lefschetz’s theory was further developed in Hopf’s paper on 
the algebra of mappings of manifolds (see Hopf [b]; see also Hopf [d]). The 
same questions were treated by Hopf from the point of view of homotopy 
in his paper on the topology of mappings of manifolds (see Hopf [a]). This 
paper is recommended to the reader unreservedly because of the unusual 
quality of its expository style. For the special case of continuous mappings 
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of surfaces, see Kneser [a] (this case, i.e., n = 2, proved to be insoluble by 
the general methods of Hopf). 

Hopf’s paper on the mappings of a 3-sphere into a 2-sphere (see Hopf 
[c]) began the research on the mappings of spheres of different dimensions 
into each other. The problem of the elassification of these mappings, that 
is, the determination of the homotopy classes of the mappings of an 
m-sphere into an n-sphere, is trivial form <2: in this case all the mappings 
of S” into S” are in one homotopy class, namely, the class containing the 
mapping which takes S” into one point of S”. For m = n the problem was 
solved by Hopf; its solution is given in XVI, 6. [The problem of classifying 
the continuous mappings of an n-dimensional polyhedron into an n-sphere 
was also solved by Hopf (see Alexandroff-Hopf, Topologie, T, Chapter 
XIII). The much more general problem of classifying the continuous 
mappings of an n-dimensional compactum into an n-sphere has also been 
solved by now. An excellent exposition of these questions can be found in 
Ilurewiez-Wallman, Dimension Theory, Chapter VIII, whieh is highly 
recommended. Finally, the problem of classifying the mappings of an arbi- 
trary n-dimensional normal space into an n-sphere has also been solved 
by essentially the same methods (see Aleksandrov [j (vol. 1, Bibliog- 
raphy)]).] However, the classification problem for m > n has turned out 
to be extremely difficult. To this day the problem has been solved only in 
special cases. These solutions are due to the profound and difheult research 
of Hopf (see Hopf [e]), L. S. Pontryagin (see Pontryagin [b]) and others. 
Hopf’s paper (mentioned above) on the mappings of a 3-sphere into a 
2-sphere is an excellent introduction to this interesting and difficult. part. of 
topology. 

Closely related to the work of Hopf on the theory of continuous map- 
pings are, on the one hand, the papers of Freudenthal (see Freudenthal 
[a}) and Bruschlinsky (see Bruschlinsky [a]), and on the other, the very fa- 
mous researches of Hurewiez on the homotopy groups (see Hurewiez [a]). 
A study of these papers should be preceded by an aequaintance with the 
fundamental group. For expositions of the latter, see Seifert-Threlfall, 
Lehrbueh der Topologic, Chapters 7 and 8; Pontryagin, Topological Groups, 
Chapter 8; or Hopf [a]. (For the books of Alexandroff-Hopf, Hurewiez- 
Wallman, Scifert-Threlfall and Pontryagin, sce the Bibliography at the 
end of Volume 1 of this book). 

Lately, cohomology theory has been applied to the theory of continuous 
mappings with great success. For an account of this see Chapter 8 of Hure- 
wiez-Wallman and Pontryagin’s paper (see Pontryagin [b]) on the elassi- 
fication of mappings of a 3-eomplex into a 2-sphere. In this paper Pontry- 
agin makes the transition from the problem of classifying the mappings of 
a 3-sphere into a 2-sphere to the analogous problem for the mappings of a 
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three-dimensional polyhedron into a 2-sphere. The paper also contains 
further references to the literature on these problems. 

In view of its applications to analysis, an extremely important, but still 
hardly popular, field of topology is the investigation of the continuous 
mappings of infinite dimensional spaces, and especially function spaces. In 
this connection we note the papers of Leray-Schauder (see Leray [a]) and 
E. Rothe (see Rothe [a]). 

Finally, we must cite the very interesting paper of J. Leray (see Leray 
[b]), devoted mainly to the duality theorems and continuous mappings. 

[For a recent treatment of the classification of continuous mappings and 
further literature on the subject, see S. T. Hu, Homotopy Theory, Academic 
Press, New York and London, 1950.—Trans.| 


Chapter XVI 


THE BROUWER THEORY OF CONTINUOUS 
MAPPINGS IN R” AND S’ 


In this chapter (which is a reworking of Chapter 12 of Alexandroff- 
Ilopf’s Topologie, I) we consider the elementary classical theorems on 
continuous mappings, in essence due to Brouwer, and also some newer 
results closely related to these theorems; the most important of the latter 
is IIopf’s classification of the continuous mappings of one n-sphere into 
another. The proofs given here are due to Hopf; they originated in the 
methods of Brouwer and represent a further development and refinement 
of these methods. The proofs are based on the concept of the degree of a 
mapping (VHT, 5.1 and XI, 6) and on the systematic application of a 
simple and geometrically quite intuitive case of linking of a pair of cycles 
", 2 of R” (see the introductory remarks at the beginning of XV; we shall 
use the same notation in this chapter): the case r = 0, 2” a point o € R” 
with coefficient 1, and 2° an (n — 1)-eyele whose carrier does not contain o. 

In the sequel, mappings of point sets are always continuous mappings. 


a 


we 


$1. Index of a point relative to an (n — 1)-cycle in R” 


$1.1. The combinatorial case. We consider the linking number v(z"”, 0), 
where o is a point of (an oriented) R” taken with coefficient 1 and 2” is 
an (n — 1)-eyele such that o € 2" (ifn = 1, we assume in addition that 
2” isa normal cycle). The linking number v(z”", 0) is called the index of 
the point o relative to the cycle 2€. We note that if o is a poiut exterior to 
a solid sphere /" containing the body 2” of the chain 2” | in its interior 
(see XV, 0.1; the results of XV, 1, 2 are presupposed in this chapter), 
then, setting 2’ = o — 0’, we obviously have 


(1.1) v(2" t 0) = vl", 2°). 


In the sequel, it will be convenient to assume that the point 0° is chosen 

to satisfy the following condition: the segment 00° is in general position 
=| x è . 
relative to the complex | 2” | [ie it may intersect only nondegenerate 
EEN eae nm) 

(n — 1)-simplexes of | 2" 1]. 

beeen . : zn = 

The index of a point o relative to a eyele 2", ie., d(z”", 0), can be 
interpreted in two ways: 

First interpretation. 

n=l n 
(1.11) Mer 0) = Xo) 
where w” is an arbitrary chain bounded by 2” which is in general position 
with respect to o. (The latter eondition means, in this chapter, that the 
100 
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n-simplexes of the complex | £” 
only to such simplexes.) 
Ifa” = > ed,” and o € | t," l, then (¢;" X 0) = ¢;"R” (see VII, 2.1). 





are nondegenerate and that o can belong 


If the simplexes |4” | € |x” | which contain o are |h” |, --+ , |%” |, then 
(1.12) viz", 0) = Dost ex(t,"R"). 

If the coefficients e; of the simplexes ¢;” in x” for which 7 < sand i'R” = | 
are denoted by c;" and those for which ¢;"R" = —1 are denoted by c, 
then (1.12) may be rewritten as 

(1.127) ie oY = ee = oe 


The right side of (1.12) or (1.12) is called the multiplicity of the point o 
with respect to the chain œ” (it is the algebraic number of times the chain 
x” “covers” the point o). Hence, in view of (1.12), the index v(z"", o) 
may be defined as the number of times the point o is covered by an arbitrary 
chain x” with boundary 2" ` and in general position relative to o. 

Second interpretation. This is obtained by comparing (1.1) with NV, 
(1.4) (retaining the conditions on o’ and the cycle 2’ = o — o' given above). 
XV, (14) vields (for p = 0,¢ = n — 1) 


(1.13) (2, 277) = —v(2"", 2). 
Choose the orientation | 00’ | of the segment (00°). Since 
Al oo’ | = of — o = —2’, 
(1.13) gives 
(Lilt) Cordi X24) = =y, z") = v(e", 2”) = v(e, 0). 
Now let (o, æ) be the ray with initial point o and passing through o’. 





=i r . 
Iri is clear that the intersection number (| 00° | X 2”) is constant for all 
"on the ray and sufficiently far from o. We denote this constant value by 
i | 
[(o, 2) X 2]. 


Formula (1.14) can therefore be replaced by 
(1.15) Ko, a) X z"7] = v(z"™, 0). 


Hence, 
The index of a point o relative to a cycle 


gh € ZB EN 0, 9 


i e A n—1 OFEN 5” . ay a 
is the intersection number [(0, «) X 2" ] of an arbitrary ray, with initial 
. . en . —l n— 
point o and in general position relative to 2" , and the cycle z 
This is the second Den of the index of a pomt. 


$1.2. The index of a point o © R” relative to a proper cycle 5". Without 
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Via. 161 


loss of generality, the reader may restrict himself in this chapter to proper 
cycles of the following types: 
1°) Se. > (Za, ali a) Zaho Piet ); 
where za is a cycle of a triangulation Ka and Zar is the barycentric sub- 
division of order h of Ze ; 2°) 5” = C5a’, i.c., the image of a proper cycle of 
type 1°) under a continuous mapping C of the polyhedron || A, || into 
R” (or S”). 

Let 3"! be a proper cycle of a compactum ® C R” and suppose that 
o € T= R”N ®; thei the linking number v(5”""", 0) is called the index of 
the point o relative to the proper eyele 3". In view of XV, Theorem 1.55 it 
follows that: 

If 0,0’ € and 


(1.21) ox int, 
then 
(57,0) = 0657", 0). 


But the homology (1.21) means that o and 0’ can be jomed by a polyg- 
onal line in T, i.e., that they are contained in the same component of r. 
Hence, 

1.2. If a eompactum & C R” is a carrier of a proper eyele 5” , then the 
index 0(5", 0) relative to theeyele 3" is defined for all o € T, and v(5"", 0) 
assumes the same value at all points o contained in the same component of T. 

In Fig. 161 the curve ® is the carrier of the singular eyele 5' (here n = 2). 
The various values (0, 2, 1, —1) assumed by v(5', 0) (depending on the 
component of T = R’N & containing o) ave indicated in the figure. 
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Remark 1. In view of the discussion in 1.1, we may interpret nS" 0) 
as follows: 


First interpretation. Choose 


and the chains 2,” bounded by the cycles z” so that they are in general 
position relative to o; then the intersection number (2,” X 0) is constant. 
and equal to v(5”", 0) for all sufficiently large X. 

Second interpretation. If k is sufficiently large, then v(z"7, o ) = 
[(o, ©) X z], where (0, ©) is any ray with initial point o in general 
position with respect to z”! 

REMARK 2. If 5"! ~ 0 in, then v(z”', 0) = 0 for allo € T. It follows 
that if 5° 5" in, then v(s"", 0) = w(5’""4, 0) for allo € T. 

Remark 3. If T” is an n-simplex containing o and t” is an orientation of 
T”, then v( At", 0) = +1. Hence A" ~ 0 in RIN o. 

$1.3. The Poincaré-Bohl theorem and Rouché’s theorem. We note a 
special case of Remark 2. 

1.3. If two continuous mappings Co and Cy of a compactum ® into R"N o 
arc homotopic in R" \ o and 5"" isa proper cycle of ®, then 0(Cos"—, 0) = 
BIOS, o). 

Proof. If Co and Ci are homotopic in R” N 0, they are also homotopic 
in a compactum p C RN o (as®, we may take, for instance, a sufficiently 
large closed cube from which is deleted a sufficiently small neighborhood 
of 0). Therefore Cas" ~ 015” | in by C RYN o, so that v(Co5™ 1, 0) = 
(C13, 0). 

The hypothesis of Theorem 1.3 is satisfied, in particular, if the segment 
Co(p)Ci(p) C RN o for every p € ® [it is sufficient to define Calp) as 
the point dividing the segment Co(p)Ci(p) in the ratio 8:(1 — 0) to ob- 
tain a deformation Ca, 0 < 9 < 1, which takes Co into Ch). This special 
case of Theorem 1.3 is known as the Poincaré-Bohl theorem. 

Still another special case of Theorem 1.3 is obtained by requiring that 
the mappings Co and C, satisfy the condition: plCo(p), Ci(p)] < elCo(p), o] 
for all p € &. This special case of Theorem 1.3 (and the Poincaré-Bohl 
theorem) is sometimes called Rouché’s theorem. 

We note, finally, that the hypotheses of Theorem 1.3 (and hence of the 
Poincare-Bohl theorem) are satisfied if both Co and C, are mappings of a 
compactum ® into a sphere S™? with center o such that Co(p) and Ci(p) 
are not diametrically opposite points of S° for any p € &. We shall use this 
remark in 85. 

$1.4. Homologies in "No. We assume that 2?” is given a fixed orienta- 
tion and that ¢” is an arbitrary oriented simplex of AR" whose orientation 
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is coherent with that of 2”. Denote by o any point of T” = |” |; then, 
in view of (1.11), v(Aé’, o) = 1. 

THEOREM 1.41. very proper cycle 5" of an arbitrary compactum ® C 
R” N o9 satisfies 


(1.41) 5T m (5T, oA” in R'N o, 


where o € |e" |. 

Proof. Let Co be the identity mapping of ®, and let Cı be the projection 
of ® from o into P*N T”, ie., the mapping which assigns to every p € ® 
the point of intersection of the ray (op) with TENGT, 

The mappings Co and Ci satisfy the hypotheses of the Poincaré-Bohl 
theorem and are therefore homotopic, so that 


anol 


-] * 4 
Seis). tthe RAN O 


E 1. è x N : 
Since the proper eyele C5" is contained in the boundary of T”, it fol- 
n—l 


lows that C5” | ~ yat” in the boundary of T” and hence in R? N o. There- 
. pe +1 4 u 
fore, 5" 7 ~ yat” in R” \ o, and so 


vls", 0) = v(yAt", 0) = yol At", 0) = y. 


This completes the proof. 
. 7 . . a» -1 . n 

REMARK. Since At” œ 0 in R?N o, it follows that 5" ~ 0 in R"N o, 
. . a . . —1 
in view of 1.41, implies that v(3”", o) = 0. 

Another consequence of 1.41 is the following proposition: 

1 1 > 
If (5°, 0) = 0, then 57 ~ Oin RN o. In other words, in order 
1] . ‘oe ipi 
that 3° ~ 0 in RYN oitis not only necessary but also suflieient that 
m-l 

v5", 0) = 0. 


Hence, 

r È n- 1 i- 1 . . 

Unsorem 1.42. Two proper cycles 5 and 5." , neither of whieh con- 

a . 4 cis ya —1 =] 
tains o, are homologous in R” N o tf, and only if, v(5ı" , 0) = vse", 0). 


$1.5. The interpretation of the index of a point relative to a cycle as the 
degree of the central projection of the cycle onto a sphere. We again assume 
that o € T” and that £” is the orientation of T” coherent with the chosen 
orientation of R”. We refer to the orientation At” of the boundary of 7” 
as the orientation induced by that of R”. 

REMARK. If S” is a sphere with center o, we define the orientation in- 
duced on it by the preseribed orientation of R” as that orientation of S”7! 
into which the induced orientation At” of the pseudomanifold 7” \. T" is 
mapped by a central projection with center o. 

We again denote by Cy the projection of ® C PR” N o from o into the 
boundary of 7", and by 5” 7 a proper eyele on ®. Since At” is the orienta- 
tion of the pseudomanifold S% 


(1.5) Cis” yar” a, 
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In view of the Remark following Theorem 1.41, it immediately follows 
that y = v(5"', 0). But aceording to the definition of the degree of a 
mapping, the number y is the degree of the mapping C, of the proper evele 
3" into the oriented pseudomanifold 7” ST" (an orienting eyele is At"), 
Hence, 

THEOREM 1.5. The index of a point o relative to a proper eyele 3" con- 
tained in RU No ts equal to the degree of the projection of this eyele from o 
Into the boundary of a simplex T” containing o, where the boundary has the 
orientation induced by R". 

Remark 2. If 5" is a singular eyele 


(1.51) 


„ul fy nol 
5 = Gaa 


then the degree of the mapping Ci of 5"7' is obviously equal to the degree 
of the mapping (4C of the evele 54". Therefore, 

1.51. The index of a point o relative to a singular eyele 5“ * contained in 
R" \ 0, where 5”"" has the parametric representation (1.51), is equal to 
the degree of the mapping CC of the eycle 5." into the boundary of a 
simplex Z” containing o, where the boundary has the orientation mduced 
by R”. In particular, if the eyele 5") is contained in S° = PN T”, 
ie, if C is a mapping into S”, then v(5"77, 0) coincides with the degree 
of the mapping C of the evele 54” into S’", 

Exercise. Let C be a continuous mapping of an oriented cireumference 
z into R’ o. Prove that the index of the point o relative to Cz’ coincides 
with the index defined in II, 2.2. 


$2. The existence of roots 
$2.1. Existence theorem for roots. Let 5 be a proper (a — 1)-cyele in 
R” with carrier ®: 
Dn (21, 22, tt Ena Seh 


and let o be a point of the open set T = R”N ®. We know from the pre- 
ceding chapter that if 5 ~ O im Rk" N v, then the index (5, 0) = 0. It now 
immediately follows that: 

THEOREM 2.1. (GENERAL THEOREM ON THE EXISTENCE OF ROOTS.) 

Let 50° be a proper cycle with carrier Ya , homologous to zero in a com- 
pactum Py D Yo. 

Let C be a continuous mapping of Po into R” and suppose that 


o € R"N CM). 


If 
De 0) =Æ 0, 
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there exists at least one point po € Po such that Cpo = o. (The point po is 
called a root of C.) 
Indeed, 


Coo” ~O m Ch ; 
hence if 
Chs C RN 90, 
then 
Ca ~O in RNO, 
so that 
(Cz, 0) = 0, 


in contradiction to our assumptions. 

In most applications of this theorem 50 is a eyele of a triangulation 
Ko, homologous to zero in Ko. The following special case is particularly 
important : 

2.10. Let E” be a solid n-sphere, S”” its bounding (n — 1)-sphere, 5" a 
definite orientation of S", C a eontinuous mapping of E” into R” and 
o € RÀN CS". If (C57, 0) # 0, there exists at least one point p € E” 
such that Cp = 0. 

Remark. A second special case of Theorem 2.1 has to do with polyhedral 
domains in R”. , 

In this chapter we shall understand a polyhedral domain m R” to mean 
a domain of the form T = PN (T u +++ u T,”), where the closed 
n-simplexes Pi”, =, 7,” are contained in the simplex 7” and are pairwise 
disjoint. 

Let Ka” be a triangulation of a polyhedron T. We impose the orienta- 
tions lai, which are coherent with a prescribed orientation ¢” of T”, on 
all the simplexes Tai of Ka”. 

The eyele >> Atai” = za” is called the boundary of the oriented domain 
T (in the triangulation Ka”). Under these conditions, the following special 
ease of Theorem 2.1 holds: 

2.11. Let T be a polyhedral domain in R”, and let C be a continuous map- 
ping of T into a space Ry”. Let o be a point of Ry" not contained in CZ," "), 
where 2.” is the boundary of the polyhedral domain T (see above). If 
(Cza, 0) Æ 0, there exists at least one point p € T such that C(p) = o. 


§3. The local degree of a mapping of an n-chain into R” 


INTRODUCTORY Remark. If x isa chain of a triangulation, we shall under- 
stand a continuous mapping of the chain x to mean a continuous mapping 
of its body, the polyhedron £. 
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$3.1. Definition and fundamental properties of the local degree. Let C 
be a continuous mapping of an n-chain into an oriented space R” and sup- 
pose that o € R”. We assume that C has no roots on Av", i.e., that no point 
of the polyhedron Ax” is mapped into o. Under these conditions, the num- 
ber v(CAr”, 0) = y(o, 2", C) is called the degree of C in the point o. 

Remark. We shall sometimes omit some of the arguments in y(o, x", C). 

The following are consequences of the above definition and the cle- 
mentary properties of the index of a point relative to a cycle: 

3.11. If z” = x," + a” and no point of Ar,” u Az,” is mapped into o, 
then 


ya) = yla") + y(r"). 


3.12. We have 


ylar") = ay(x"), 


where a is an arbitrary integer. 

Hence, 

3.13. If x" = J a; and every point of C™'(o) is contained in some 
|¢:"| (so that CAt;" C R” \ o for arbitrary 7), then 


v(o, É C) = Ds ay(o, ti", C). 


Furthermore, 

3.14. If Co and C; are continuous mappings of a chain 2” into R” and Ce 
is a deformation of Co (restricted to Ar”) into Ci such that Co( Ax") C 
R*N o for all 6,0 < 0 < 1, then y(0, 2”, Co) = (0, x", Ci). 

In particular (the theorems of Poincaré-Bohl and Rouché), 

3.140. If o is not contained in the segment Co(p)Ci(p) for any p € âr", 
then 


yu, x", Co) = v(o, x", Ch). 
3.141. If 
p(Cop, Cp) < p( Cop, o) 


forall p € Ax", then 
x(0, w Co) = y(0, v”, Ch). 

Finally, we have the very important corollary 

3.15. If y(o, x", C) is defined, then the degree y(o, x", Cı) is defined and 
equal to y(o, x", C) for every continuous mapping Cı of the chain x” into R”, 
which is sufficiently near C on Aa”. 

$3.2. Simplicial approximations. We now let Ci be an arbitrary sufficiently 
good simplicial approximation to C (see XI, 5.1) satisfying the following 
condition: the vertices of the subdivision |." | of the complex |x" | de- 
fining the mapping Cı are chosen so that the point o is not contained in 
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any of the sets C(7"), where 2” € |." | andr < n. If sı is the subdivision 
operator, then 


Ase” = sAr” ~ Ar” on Ar”, 
so that 
CAs” ~ CiAx" on Az” C RN 0, 
1.€., 
OA", o) = DLR”, o), 
y(o, 92", Ci) = ¥(a, 2”, Ci). 
But, in view of 3.15, y(o, x”, C) = y(o, x", C1), so that 
(3.21) ECHT, 8, C1), 


that ix, 

3.21. The degree of a continuous mapping C of a chain x” in the point 
o € RUN C(Ar”) is equal to the degree of an arbitrary simplicial mapping 
(of a subdivision six” of x"), provided it is a sufficiently good approximation 
to Č. 

We may also always require that C, satisfy the following regularity con- 
dition: All the roots of Cy [that is, all the points of C"(0)] are eontained in 
the n-simplexes of the eomplex | six” | (where each of these simplexes con- 
tains no more than one root). 

Since Theorem 3.13 is applicable to a regular mapping, the calculation 
of the local degree of an arbitrary continuous mapping is reduced to the 
computation of the number Y(o, t, C), where C is a nondegenerate affine 
mapping of t" into R”, with o € C|]. But then, setting ’” = Ct", we 
have 


art OG) =a", 


Le, y = J if the orientations /” and 2” are coherent and — 1 if they are 
not. This is clear because in the first case the intersection number (t” X o) 
is equal to 1, whereas in the second case it is — 1. 

Combining this result with Theorem 3.18, we obtain 

3.22. If C is a regular simplicial mapping of a chain e” = >> ait,” into 
R”, then 


y(0,2",C) = Lam, 


where 1) y; = Oif 09 & C&L 2) y¥; = lifo € C|t”]| and the orienta- 
tions CG” and R” are coherent and 3) y: = —1 if o € Cl t” | and the 
orientations Ct;” and R” are not coherent. 
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In particular, if 2" = >> G" is an oriented combinatorial pseudomani- 
fold, then 


H 
yo, X , C) = vi UM N 
where m is the number of simplexes £4” whose images under C cover o 
“positively” and v is the number of simplexes é;" whose images under O 
cover o “negatively”. 
$3.3. Mappings into 5”. 
THEOREM 3.3 Suppose the spheres So" and S" to be oriented and let C be 
a continuous mapping of So" into S" of degree ye. We think of the sphere 
S” as the Wuelidean space R” compactificd by the addition of a single point at 
infinity u: 
S” = de ar 
We assume that 
—1 
C (0) Cc To” 


for some o E R”, where To” is an n-simplex of a triangulation Ko of So", and 
‘ ’ » Ä > 
denote by to" the orientation of To" coherent with a preseribed orientation of 
So”. Then 


(3.3) (C Alo", 0) = ye. 


Proof. Both sides of (3.3) remain unchanged if Cis replaced by a suf- 
ficiently good simplicial approximation. We may therefore begin by assum- 
ing that C is a simplicial mapping of a subdivision Ka of Xa into a triangu- 
lation K of S”, with o contained in an »-simplex 7” C K. We denote the 
orientation of 7” colerent with the prescribed orieutation of S" by . We 
further assume that the point « of S” (the point at infinity of IR”) is not 
contained in 7". 

Let lai” be the simplexes of Ka obtained from the subdivision of To" and 
oriented coherently with So”. Finally, let m and v be, respectively, the 
number of ta;” for whieh Clai = t” and Cla; = —t”. Then, in view of 
VIII, Theorem 5.21, ye = m — v. On the other hand, if xo” = Dil, 


VCAL”, 0) = (CA, 0) = (Ca Xo) = 2 — ». 
This completes the proof. 
$4. Topological mappings 


$4.1. Theorem 4.1. Suppose that T” is an n-simplex, pE T” and C is a 
topulogical mapping of T” into R” such that Cp = o. If I” is an arbitrary 
orientation of T”, then 


wig", Cy Sat: 
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f i : a ean a 

Proof. Let S” " be the boundary of T”. Since $ = CS" is a closed 

; E . . wi 5 7 n—1 

(n — L)-dimensional pseudomanifold and CAt” is an orientation of CS", 


it follows from the fundamental Theorem 3.43 of Chapter XV that 
n(Cat", o) = +1 


for all points o’ in one of the two components into which CS” divides R”. 
According to Theorem 2.1, there must exista point p’ € t” such that Cp’ = 
Because C is (1—1), p’ is contained int” — At”, i.c., p’ isin T”. The image 
of the segment pp’ under C is a continuous path in R” N Cat", so that o 
and v are in the same component of RN Cat”. Hence 


y(o, t”, C) = v(Cat", 0) = v(CA, o) = +1. 


‘The following proposition is a stronger form of Theorem 4.1: 

Turorenm 4.11. Let T be a domain of an oriented R” and let C be a topo- 
logical mapping of T into an oriented R’” (both R” and R’" are Euclidean 
n-spaces). Suppose that |h” | and | te” | are arbitrary simplexes, oriented 
eoherently with R”, sueh that h”, h” CT. 

If OL € C| L4” |, 02 € C| ty” |, then 


y(o ) A", C) = (02 3 to”, C) = +l]. 





Proof. First, suppose that | 4” | n | tf” | = 0, and let |4" | be a simplex 
oriented coherently with Œ” such that 3" C |&i"|n | |%” | and suppose 
o € |%” |. As in the proof of 4.1, we conclude that 


y(a ’ 4", C) = y(o, 4”, C). 





But 
y(o, 4", C) = (0, ts", C) = y(0, t, C) = ylos, ts", C), 


which proves the theorem in this special case. 

Since any two simplexes | 4” | and | "| in T can be joined by a chain 
of n-simplexes of T, so that two successive simplexes of the chain intersect, 
the theorem is also true in the general case. 

If 





yo, t, C) = | 


for arbitrary ÜCT,o € C| |, we say that the topological map- 
ping C of the domain T into R” has degree 1; in the contrary case fie., if 
y(o, t", C) = —1 forall 2" C T, o € C| t |] we say that C has degree —1. 
$4.2. Invariance theorems. 
THEOREM 421. (INVARIANCE OF TUE INDEN V.) Suppose that o€ Rë and 
that 51 ts a proper (n — 1)-eycle in Ry” \ o. Lf |i" | is an n-simplex of 
Ri” containing both o and 31, C a topologieal mapping of A" into Rs" and 
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T = +1 the degree of C, then 
v(Czı, Coa) = rv(51, on). 


Proof. Let | &" | be an n-simplex of Rs” containing o = Co, and sup- 
pose that |h” |, |&” | are oriented coherently with their carrying spaces 
R” and Re”. We denote Cs, by 32. 

According to Theorem 1.41, 

(4.21) SY eed v(51 5 01) At” in fe X OL, 


(+4.22 5: ~ U(52, 02) Ab" in Re” \ o. 





In view of the definition of the degree 7, we have 
v(CA4”, o) = 7; 

consequently, by Theorem 1.41, 
(4.23) CA” ~ rats” in Rs” \ o. 
Since C(A IN.) C Re" \ os, (4.21) yields 

Csi = 52 ~ W(51, aCA in RN o; 
that is, if (4.23) is taken into account, 
(4.24) 52 ~ 70(51, 1) Ab” in Ra" N o. 


In view of (4.22), (4.24) imphes that v(52, 02) = 7v(51, 91), which was 
to be proved. 

Theorem 4.21 and the definition of the local degree of a mapping now 
imply 

THEOREM 4.22. (INVARIANCE OF THE LOCAL DEGREE.) Let Ci be a eon- 
tinuous mapping of a ehain x” into Ry” without any roots (relative to the point 
o € Ry") on Av”, so that the degree y of Cy in the point o is defined; further- 
more, let |” | be an n-simplex oriented coherently with Ry" and eontaining 
both o, and Cy" in its interior. Finally, let Cè be a topological mapping of 
| tr” | into Rs”. 

Then the loeal degree of the mapping C+C, of the chain x” in the point os = 
Coa, is equal to ry, where r = +1 îs the degree of Ce. 


$5. Vector fields and continuous mappings 


§5.1. The connection between vector fields and mappings. A system of 
real continuous functions 2), ++- , % defined on a subset M of R” may be 
interpreted geometrically, first, as a mapping v which assigns to every 
p € M the point v(p) of Ri” (which may, of course, coincide with R”) 
with coordinates o(p), +++, t.(p); secondly, it may be interpreted as a 
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vector field, consisting of the vectors v(p) (of the space R”) assigned to 
the points p € M and having the components vı(P), +> , Un(p)- 

Hence, the investigation of vector fields in R” is equivalent to the in- 
vestigation of mappings. In particular, many of the concepts and theorems 
of the preceding sections can be interpreted as propositions concerning 
vector fields. We shall examine this interpretation in only a few special 
cases. 

In the sequel, the mapping v induced by a vector field B(p) consisting 
of vectors o(p) will mean, as we pointed out above, the mapping which 
assigns to each p © M the point o(p) with coordinates v;(p), i.e., the end- 
point of the vector e(p) with initial point at the origin. 

Let 5” be a proper (n — 1)-cycle of a compactum ® C R”, and sup- 
pose that a continuous nonvanishing vector field V is prescribed on ® 
fi.e., a continuous vector field ® such that e(p) # 0 for all p € $]. We 
define the characteristic of the field Y on 5"~ as the index of the origin in 
R,” relative to the eyele v(5"""), where v is (he mapping of @ into 2," in- 
duced by B. 

Tn view of Theorem 1.5, this definition may be rephrased as follows: 

Assign to every p € ® the ray issuing from the origin of X1” which carries 
the vector v(p); the ray intersects the unit sphere S”~ of R,” in a point 
Ci(p). This defines a continuous mapping Ci of ® into S°. If S$” is 
oriented coherently with the prescribed orientation of R,”, the degree of 
the mapping Cı of the eyele 5” into the oriented sphere S”” is the char- 
acteristic of the vector field 8 on the cycle 5”. 

It follows immediately from this definition that the characteristic of a 
vector field depends only on the direction, but not on the length, of the 
veetors of the field. Furthermore, the following propositions are easy con- 
sequences of the results of the preceding sections: 

5.11. Let Bo and X be two nonvanishing vector fields on ® with the 
following property: 

There exists a family of vector fields l , continuous in 6,0 < 8 < 1, 
continuous and nonvanishing for each 8 everywhere on ®. 

Then the characteristics of By and VB, are equal. 

Remark. The condition of Theorem 5.11 is satisfied, in particular, if for 
nop © P do the vectors Bo(p) and Vi(p) have opposite directions (Poin- 
caré-Bohl theorem). 

5.12. Let T be a polyhedral domain in R” (sce 2.1, Remark). Every 
vector field continuous and nonvanishing on T has characteristic 0 on the 
boundary of T (Theorem 2.11). 

5.13. A vector field continuous and nonvanishing at all points of a solid 
sphere has characteristic 0 on its bounding sphere (Theorem 2.10). 

5.14. The characteristic of the field of exterior normals on an (a — 1)- 
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sphere is equal to +1, and the characteristie of the field of interior normals 
is equal to (— 1)”. 

Proof. Suppose that. the sphere S” "is given by the equation Dour = 1 
and that the normal veetors have length 1; then the induced mapping v Is 
defined in the case of the exterior normals by the formulas 7; = .; , and 
in the case of the interior normals by e; = —.r;. The mapping tv (con- 
sidered on the entire space R”) is alline, and its determinant is +1 in the 
first case and (— 1)” in the second case; it therefore has degree +1 [or 
(—1)"] everywhere. Since the degree of r at the origin o (that is, the index 
of o relative to the image of S”" under v) is also the characteristic of a 
veetor field on this sphere, the assertion is proved. 

$5.2. The index of an isolated zero p of a vector field B defined on a 
subset AZ C R" which contains p in its interior is defined as follows: 

Let r be the mapping of J/ C R” into Ry" induced by 8. Suppose that. 


p € T* CM and let 5°" bea proper (n — 1)-cyele with carrier © C T” 
satisfying 
(5.21) v5", p) = 1. 


Then, by definition, ind, %8 is the characteristic of Bon 5"—* (that is, the 
index of the origin of æ,” relative to the cycle 13"). 

In view of Theorem 1.42, this index is independent of the cycle 5" pro- 
vided it satisfies (5.21). It is simplest of all to put 


nl a yt 
pe) = Al 3 
where p Co} = T" c M and t” is the orientation of 7” coherent with 
the orientation prescribed on A”. 
Q n—l +] minr vn a% -L F — 
Suppose that the cycle 5” with carrier ® C T”, v(5"", p) = 1, to 
a b 


Tig. 162 
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have been chosen in this way or in any other. Let S,"~ be an (n — 1)- 
sphere of K,” with center o and radius 1, oriented coherently with the 
prescribed orientation of X”; we shall call this sphere a sphere of direc- 
tions. We assign to every q € ® the point Ci(q) € Sı”" in which the sphere 
Si intersects the ray 0,¢(qg) parallel to the vector v(q). 

Then, by Theorem 1.5, ind, ® is equal to the degree of the mapping Ci of 
the cycle 3" into the sphere Sy". 

Rimark. In the definition of the index of a zero of a vector field, the 
lengths of vectors play no role; only their directions are important. There- 
fore, the concept of index can be applied not only to vector fields, but also 
to direction fields. By a direction we mean a ray (0, ©) of Ri” or, nore 
precisely the collection of all vectors of the form av, with v = 0 a fixed 
vector and @ an arbitrary positive number. Then instead of the zeros of a 
vector field we speak of the singularities of a direction field; these are the 
points at which the field is not defined. 

Examples of direction fields with isolated singularities ure given in Figs. 
162-165. In each figure the singularity is the origin. In Figs. 162 and 163 
the index is +1, in Figs. 16- and 165 it is, respectively, +3 and —1. All 
the figures are plane figures. 

$5.3. Vector fields on a solid sphere. 

Tuworen 5.3. Let E” be a closed solid n-sphere and let SY = 2" be its 
bounding (n — 1)-sphere. If B is a vector field continuous and nonvanishing 
on E", there exists at least one point of S"" at which B assumes the direction. of 
the exterior normal to S”", and at least one point of S™ at which B assumes 
the direction of the interior normal to S"”. 

Proof. According to 5.13, the characteristic of 8 on 2” is 0. If Wis a 
field on 2” with non-zero characteristic, {here exists, in view of the Re- 
mark to 5.11, a point p € S° at which »(p) and w(p) have opposite 
directions. By 5.14, we may choose for W the field of exterior or interior 


Fra. 163 
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Fria. 164 





Fra. 165 


normals; consequently, the field ® on S% contains at least one interior 
normal and at least one exterior normal, 

$5.4. Brouwer’s fixed point theorem for an n-cell. Let C be a continuous 
mapping of a solid n-sphere £” C R” into R”. To each point p € E” as- 
sien the vector v(p) = pC(p); this continuous vector field vanishes at 
precisely those points of Æ" at which Cp = p, that is, at the fixed points 
of C. If C has no fixed points, the conditions of Theorem 5.3 are satisfied 
and, consequently, there exists at least one point p on the bounding (n — 1)- 
sphere S”" of E” at which the vector v(p) has the direction of the exterior 
normal. Hence, the point Cp is contained in the exterior of Æ”. Therefore, 

THEOREM 5.40. Let 2” be a solid n-sphere in R” and let S"”' be its bound- 
ing (n — 1)-sphere. Every continuous mapping C of E” into R” such that 
CS" C EB” has at least one fixed point in E". 
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In particular, every continuous mapping of Æ" into itself has a fixed 
point. It is clear that every set homeomorphie to Æ”, that is, every closed 
n-cell, also has this property. We have, therefore, 

5.4. BROUWER’S FIXED POINT THEOREM FOR A CLOSED N-CELL. Isvery eon- 
tinuous mapping of a elosed n-eell into itself has at least one fixed point. 

$5.5. Vector fields on spheres of even dimension. 

FIXED POINT THEOREM. Let n be odd and let S” be an (x — 1)-sphere 
in R’. According to Theorem 5.14 the field N, of exterior and the field 9; 
of interior normals to 5” have different characteristics on 8”. It follows 
that if B is a field on S“", then its characteristic is different from the 
characteristic of at least one of the fields Re and N; . Hence, by the Remark 
following Theorem 5.11 there must exist a point on S""" at which the vec- 
tor v has a direction opposite to one of the normal vectors, that is, the 
vector v is itself a normal vector. We have thus proved 

Tutores 5.51. Beery continuous nonranishing reetor field on S" *, where 
n — 1 ts even, eontains at least one vector normal to S” in R". 

A special case is 

Theorem 5.510. (Cur Porncark-Brotwkr THEOREM.) There does not 
exist a eontinuous field of tangent directions on a sphere S” of even dimension. 

Remark. Hence, if a porcupine curls up into a ball, its needles cannot 
lie smoothly—some of them will immediately stick out. For this reason, 
Hilbert called Theorem 5.510 “the porcupine theorem”. 

If n is odd, however, the formules 


Vj = a, Vay = Veji 7 = 1,2,- , (n + 1), 


for instance, define a continuous field of tangent directions with components 
v; on the sphere S”, given by the equations X a = 1. 

From Theorem 5.51 it is easy to derive 

PHROREM 5.52. For every eontinuous mapping of an n-sphere S”, n even, 
into itself there exists at least one fixed point or at least one point whieh is 
mapped into its diametrieally opposite point (or both). 

Proof, IE a mapping C of S” into itself has no fixed points, the vectors 
pC(p) form a continuous nonvanishing vector field on S”. Tlence, by 
Theorem 5.51 there exists a point p at which the vector pC(p) coincides 
in direction with a normal to 8”. But this is possible only if the point Cp 
is diametrically opposite to p. 

If n is odd, however, the formulas 


Tya Sap, Ñj = tya = 1,2,- a + 1) 


define a mapping of the sphere S”, given by >> xë = 1, into itself which 
has neither a fixed point nor maps any point into its diametrically opposite 
point. 
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§5.6. Reflections of spheres; another fixed point theorem. A reflection 
of R" about a plane R° CR", 0 <r <n, isa mapping of R” onto itself 
defined as follows: choose a system of rectangular coordinates.) (<i <n) 
in R” so that R is given by the equations 


MS te Sr SH vey, = 0. 


Then a reflection € about R” is defined by the formulas 


uy = a; (l<i<cn-—vr), 
(5.61) 
I el (n—rtl<i<n). 
This mapping maps every (n — })-sphere with center in R” into itself. 
TukoreM 5.6. A refleetion C of R” about a plane R” restricted to a sphere 
ST with center o = (0, ++: , 0) is a mapping of SY " (onto itself). This 


mapping is homotopic to the identity mapping in R” o if, and ouly if, 
r =n (mod 2). 

Proof. The determinant of the mapping C, defined by the formulas 
(5.61), is equal to (—1)""". Therefore (see the proof of 5.14), 


v(C2 7) 0) BEN (- ] jE T 


no~ 


where 2" is the sphere 5” oriented coherently with the prescribed orien- 
tation of R”. On the other hand, v(z”", 0) = +1. Hence, if r 4 n (mod 2), 
so that (-1)"" = —1, then the cycles 2” and Cz”! cannot be homo- 
topie. Consequently, C is not homotopic to the identity in RUN o. 

If r = n (mod 2), then the formulas 


LT = Və; COS On — 2X2; sin Or, | 
2 1 ` 
; ; [1 <i a(n = r)], 
Ci = Vos SIN Om — We; COS Or 
ee (nr +1<i<on) 


define a family of mappings Cs, 0 < 0 < 1, which is the required deforma- 
tion of the identity mapping into C (this deformation is even a disphice- 
ment of S”” into itself). 

The following specia} case deserves particular attention: 

THEOREM 5.60. A reflection of a sphere S" " about its center o is homotopic 
to the identity in R” N o if, and only if, n is even. 

Theorem 5.6 further imphes 

THEOREM 5.61. If n is odd, then every mapping C” of S° into itself which 
is homotopic to the identity in R”N o has a fixed point. 

Indeed, if C’ has no fixed points, then C’ and the reflection C of Se 
about its center o satisfy the hypotheses of the Pomcare-Bohl theorem, 
hence C is homotopic to C in R"N o, and by 5.60 is not homotopie to 
the identity. 
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856.7. Exercises. 
1°. Let 


Beil (l<i<n) 


be a system of u real-valued continuous functions of n real variables with 
continuous partial derivatives in a neighborhood of a point o = 
(a, te", +++, ta") € R”. Suppose that the Jacobian of this system of func- 
tions is different from zero at the point o. Then it is known from analysis 
that this system of functions defines a topological mapping C of a neigh- 
horhood of the point o onto a neighborhood of the point 


o = (at, J, majes; Y, where Vir = fil ay’, e, tn). 
Prove that the mapping C has degree 1 or —1 in the point o', depending on 
the sign of the Jacobian. 

Remark. Ihe continuity of the partial derivatives is not necessary; only 
the weaker requirement that the total differential exist is necessary: the 
mapping C can then be replaced by an affine mapping which approximates 
it near the point o and the problem can then be solved. It is well to note 
that the solution of the problem does not require that C be a topological 
mapping. 

2°. The function 


y = ax” 
of a complex variable x defines a mapping of the complex sphere onto itself; 
the degree of the mapping is n. If the sphere is thought: of as the plane 
compactified by the addition of a point at infinity, then the local degree 
of the mapping in the point o is n. Using this result, prove the more general 
proposition: 
Suppose that the power series 


Y = ant” + anp p (a, #0) 


converges in a neighborhood of x = 0. Then il represents a mappiug of this 
neighborhood onto some other neighborhood of x = 0, whose degree in the point 
v= (isn. 

3°. ANALYTIC FORMULATION OF THEOREMS 5.3 AND 5.51. 

THEOREM 5.9. Let van, , tn) (1 < i< n) be a system of continuous 
functions defined on the solid sphere X iaz? < 1, which are not all zero al 
the same point of the sphere. Then there exist a positive number A and a nega- 
tive number v with the property that eaeh of the systems of equalious 


v(a 4 ors $ En) = AV; (1 < 1 < u) 
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and 
rl) = wr, (l<t<n) 
has a solution on the sphere air wel. 
THEOREM 5.51. Suppose that a set of continuous functions ty: Pre 


š . 2 
(1 < i < n) ts defined on the sphere ir = 1, n odd. Then there exists 
a real number X such that the system of equations 


rey str, Xa) = Arı (I < t < n) 


has a solution on the sphere X axi = 1. 

4°. APPLICATION OF THEOREM 3.4 TO THE PROOF OF FROBENIUS? THEOREM 
ON THE EXISTENCE OF EIGENVALUES OF MATRICES. Au eigenvalue of a square 
matrix (ay) is a root of its characteristic equation 


det (ai; = db, ;) =. 


THEOREM or Fropenius. Every square matric (a;,), whose elements are 
nonnegative real numbers, has at least one nonnegative real cigencvalue, 

Proof. Cousider the mapping of the projective (n — 1)-space P”"" de- 
fined by the equations 


ti = Nimm, Ci SS). 
rn . . u vl Y $ N 
The points of P" all of whose coordinates w, are nounegative form a 
7 : : — oc, . : 
closed (n — 1)-simplex in P”. Since a;; > 0, the mapping defined above 


maps this simplex into itself and therefore has at least one fixed point. The 
coordinates of a fixed point satisfy the equations 


n 
Ati = Da antz 


for some real A # 0, which is therefore an eigenvalue of the matrix. Since 
both the a;; and x; are nonnegative; A is also nonnegative, which was to 
be proved. 

These examples illustrate how topological fixed poiut theorems cau be 
used to prove existence theorems. It is also easy to see that the proofs of 
existence theorems for various functional (in particular, integral) equa- 
tions require correspondingly strouger fixed point theorems (for example, 
the fixed point theorem for continuous mappings of convex compacta in 
Hilbert space). 


§6. Classification of continuous mappings of an n-sphere into an n-sphere 


§6.1. Hopf’s theorem; introductory remarks. We already know that. two 
homotopic continuous mappings of one orientable (and orieuted) closed 
n-dimensional pscudomanifold into another have the same degree (XI, 
Theorem 6.41). This is, of course, also true in the special case of an n-sphere. 
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In this special case, however, the converse is also true: two continuous 
mappings of an n-sphere into an n-sphere, which have the same degree, are 
homotopic. Thus, we arrive at the following remarkable result, which we 
shall prove in this section: 

Horr’s Turon 6.1. Let So" and S” (n > 1) be two n-spheres with pre- 
scribed orientations. Two continuous mappings of So" into S” are homotopic 
if, and only if, they have the same degree. 

Remark 1. This theorem was proved by Brouwer in 1912 for n = 2; 
the general result was obtained by Hopf in 1926. 

The proof given here is due to Hopf and is taken in part from Alexandroff- 
Hopf, Topologie T (Chapter 13, $1) and in part from Hopf’s lectures, given 
at the University of Berlin in 1926-1927. It displays profound geometric 
msight. 

Another very simple proof of Hopf’s theorem was given by Whitney 
(see Whitney [a]). 

Remark 2. It follows from VIII, 5.24 that for arbitrary n > Land arbi- 
trary integer y there exist mappings of one n-sphere into another having 
degree y. 

The proof of Hopf’s theorem is preceded by several auxiliary propo- 
sitions. 

Derinition 6.11. If a mapping of a set X into a set Y maps X onto a 
single point of Y, the mapping will be called a constant mapping. If a 
mapping f of X into Y is homotopic to a constant mapping, we shall say 
that fis homotopic to zero and write: f œ 0. If C is homotopic to Cy, we 
write: C œ Ci. 

Remark 3. Two constant mappings of an n-sphere (or in general of a 
compactum) into an n-sphere S”, n > 1, are homotopic. This follows from 
the fact that for n > 1 a pair of points of S” can be connected 
by a simple are, 

6.12. Let Ei" be a polyhedron homeomorphic to a closed n-simplex. A 
mapping Cı of the boundary Ei” of Ei" into a compaelum ® 78 homotopic lo 
zero af, and only if, Cı ean be extended to all of By". 

_ It is clearly sufficient to prove this proposition on the supposition that 
Ei" is a closed n-simplex Ti”. 
Let Ca, 0 < 6 < 1, be a deformation of Cy into the constant mapping 


ın 


Co which assigns to all the points of S = TN 7," a single point 
co € P. Let py be a point in the interior of T,” and set C(po) = ey. Let p 
be an arbitrary point of 7,” distinct from po. Denote by p’ the point of 
intersection of the ray pop with S,""' and by 9 the ratio in which p divides 
the segment pop’. Then set C(p) = Celp’). 

The mapping C of the closed simplex 7," obtained in this Way is the 
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required one. Conversely, if C is an extension of C, to all of 7," , then the 
mapping C1 of the boundary 8,"~ of 7," is homotopic to zero. 

To see this, let po be the centroid of 73”. Denote by Ts” the image of 
Ti” under the similitude with center po and coefficient 8,0 < 6 < 1. For 
each p € S" denote by ps the point of intersection of the ray pop with 
the oe of the simplex 7's" and set Cs(p) = C(pe). The family of 
mappings Cae, 0 < 6 < 1, defines a deformation of the mapping Ci of the 
sphere sn into the constant mapping Co’ which assigns to every point 
pe Ri "Tl the single point C(po) € ©. 

6.13. Let Co and Cy be two continuous mappings of a ernn pahir P into S". 
If s" nee a nonempty open scl T such that Co (gq) = Cy (q) for every 
q E T, then GC. 

Proof. Choose a definite poiut u € T and think of S” as R” compactified 
by the addition of the point was the point at infinity. Suppose that one 
of Co(p), Ci(p) is different from u for some p € $. Then Co(p), Ci(p) are 
both different from u (since u € T). For such a point p define Cs(p), 
0 < 8 < 1, as the point which divides the segment Co(p)Cy(p) in the ratio 
6:(1 — 6). If Co(p) = u, set Co(p) = Colp) = u for all 6. It is clear that 
Co is continuous for every bif p € GT) = CYL). If p € CT) 
the set Co (T) is a neighborhood of p at all of whose points Co and Ci, 
and hence also the mappings Cy and Cs for all 6, coincide, so that C is also 
continuous at all points p € Co (T). Finally, the family of mappings Cs 
is continuous in @ and defines a deformation of Co into Ci. 

6.14. Suppose that n > 2; let C be a continuous mapping of a sphere So” 
into a sphere S" and suppose that p € S”. Then there exists a eontinuous 
mapping Cy of So" into S” homotopic to C and with the following property: 
(p) is contained in an n-simplex To" (of a triangulation of So") whose 
image CL(T0") is a proper subset of S”. 

Proof. Since every continuous mapping of So” into S” is homotopic to 
any of its simplicial approximations, we may suppose that C is a simplicial 
mapping of a triangulation Ao” of So” into a triangulation A” of 8". We 
are further justified in assuming that p is contained in an n-simplex of K” 

Finally, let u be a point different from p, which is also contained in an 
n-ximplex of A". The inverse image of each of the points p and u consists 
of a finite number of points of || Ko” 





Ko” |) = So”. (It is for this reason alone 
that we required the mapping C to be Shada 

We again think of S” as R” compactified by the addition of u as the 
point at infinity, and So” as Ro” compactified by the addition of a point 
ug € cp) u Ca). 

Let To” be a closed n-simplex of Ro” such that To” n C™ (u) = 0 (we 
may always assume that 7%” is a simplex of a triangulation of So"). It then 
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follows that 
T) c R”. 


Suppose that po € C™(p) is in the complement of To”. Since n > 2, 
To” contains a point po’ such that the segment popo C S” N ee 
There is therefore an n-simplex 7%” C So” containing the segment popo, 
at a positive distance from the finite set C (uv) and having no point of 
C™ (p) on its boundary. 

We have 

CT?) Cr = Sou 

We now define a mapping C by setting Cy = C on So” N Ti”, by setting 
Ci(po') = p and finally, if go is an arbitrary point of the boundary of To”, 
by defining Cı on the segment po’go as the linear mapping of this segment 
onto the segment pCi(qo) of R”. Since C, differs from C only in Tọ” and 
since C(T’") and C:(7/”) are closed and bounded subsets of R”, the set 


r= S” N [CC Te) U C To”) 


containing u satisfies the hypotheses of 6.13; henee C œ Ci. 

It is clear that Ci" (p) u Ci” (u) is a finite set. The only point of C1 (p) 
contained in To” is the point po’, which is contained in 7%”. The set Cy (p) 
is finite. Therefore, if C is replaced by C, the inverse images Cy (u) and 
C (p) of u and p remain finite and the number of points of Cy"(p) in 
the complement of Te” is less than the number of points of C7'(p) in the 
complement of To”. It is true that Ci may not be simplicial; however, the 
only relevant property of simplicial mappings is for us the finiteness of the 
inverse images of p and u, as we mentioned above, and this property Ci 
does have. Finally, the set 


CT) lan R” 


is a proper subset of S”. 

Repeating the same process a finite number of times, say v times, if 
necessary, we arrive at a mapping C, homotopic to C, such that ©, (p) 
is contained in T” and C,(7'o") C R” # S”. This completes the proof. 

§6.2. Mappings of degree zero. We shall prove the following theorem: 

6.21,. A continuous mapping of an n-sphere So" into an n-sphere S” of 
degree zero is homotopie to zero. 

Remark. In proving Theorem 6.21, we shall assume that So” is the 
boundary of an (n + 1)-simplex T>", which is, of course, topologically 
equivalent to an n-sphere. 
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Proof of Theorem 6.21, . The proof is by induction and also involves the 
following theorems: 

6.22, . Let to"** be the orientation of T"*" coherent with that of the pre- 
scribed orientation of R”? (the boundary of To? is So"). Suppose that 
o € R"" and that C is a continuous mapping of So” into R™* N o. 
If (CAL, 0) = 0, then C can be extended to a mapping of the elosed 
simpler Ty"! into RY No. 

6.23. . Retaining the notation of Theorem 6.22, , let us suppose that C is 
a mapping of So" into a sphere S* C R"® with center o and that the degree 
of C is zero. Then C ean be extended lo a mapping of the elosed simpler Ty" 
into S”. 

These theorems will all be proved together by proving the following four 
propositions: 

1°. Theorems 6.219 and 6.21, are true. 

2°, 6.21, implies 6.23, ,n > 0. 

3°. 6.23, implies 6.22, , n > 0. 

4°. 6.22, implies 6.21,41, n > 1. 

Proof of 1°. Theorem 6.21, is true since a mapping of a O-sphere into a 
0-sphere of degree zero is a constant mapping (VIII, 5.2, Remark +). 
Theorem 6.21; is a special case of lI, Theorem 2.5 and XI, 6.4, Remark 
on the case n = 1. 

Proposition 2° follows from 6.12. 

Proof of 3°. On the supposition that every mapping C of degree zero of 
So” into a sphere S” with center o can be extended to a mapping of To” 
into S”, we are to prove that every mapping C of So” into R° N o for 
which v(CAto"™', o) = 0 can be extended to a mapping of %"*" into 
R”® N 0. We divide this extension problem into two problems: we intro- 
duce into R”? a system of “polar coordinates” consisting of a pole o and 
the unit sphere S” with center o; the polar coordinates of a point 
p E€ R"" N oare the radius vector r(p) of p (i.e., the distance of p from o) 
and the projection of p on S” (i.e., the point of intersection of the ray op 
with S°), which we denote by ¢(p). Then the extension problem reduces to: 

a) The extension of the positive function rC(p) defined on Sy" to a 
function defined on all of Po”. 

b) The extension of the mapping ¢C of Sy" into S” to a mapping of 
7)" into S”. 

Problem a) is easily solved by applying the Brouwer-Urysohn theorem 
on the extension of continuous functions (I, Theorem 4.22); in extending 
a positive function we may always require that the extended function also 
be positive. The latter remark, which is true in general (see, e.g., 
Alexandroff-Hopf, Ch. 1, $6, Zusatz on page 78), follows in this case from 
the fact that rC(p) is continuous and positive on a compact set. 
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The solution of Problem b) is already contained in our hypothesis 
(Theorem 6.23,), since the degree of the mapping gC of Sy” into S” is 
equal to the index of o relative to CA”? (Theorem 1.51), that is, zero. 

Proof of 4°. Given a mapping C of degree zero of So" H into S° n > 1, 
we arc required to find a deformation of C into a constant mapping. In 
order to do this, it is sufficient to deform C into a mapping Cı which maps 
So”*! onto a proper subset of S°. Since every proper subset of 8""" is 
contractible to a point, Ch can be deformed into a constant mapping. 

Since n > 1, we are justified in applying Lemma 6.14 and in assuming 
that C satisfies the following condition: 

There is a point o € S“*! such that C7'(0) is contained in an (n + 1)- 
simplex 74°" the image of whose closure [i.e., the set ((7y""")] is a proper 
subset of S”*!, 

We make this assumption and denote by u a definite point of 


Gans DA OTEC 


r . . . erh Hl . “ae 
Next, we again think of S"" as R**' compactified by the addition of u 
as the point at infinity, so that 


C PE Cc aed N u = R”? 


. —1 +1 29 7: . 
Since C~ (0) C 7y""", we ean apply Theorem 3.3 (in which we replace n 
by n + 1). This gives 


VCAL”, 0o) = ye = 0, 


where f)"*" is the orientation of T,” coherent with the orientation of S”. 

It follows by Theorem 6.22, (which we suppose to be correct) that there 
exists a mapping Ci of Tu" into RFN o C S""N (ou u) which coin- 
cides with Con Te NT)". Set Ci(p) = C(p) for arbitrary 


p E sa N ee: 


r f u R 5 net k 

Now Ch is already a mapping of Sat" into SP N 0, ie., onto a proper 
+1 

subset of S”. The open set 


= ser N Ka foo) U Cif Ta] 


. X i . i bi . i 7 -l — --1 ` ` Ai Sth Js 
is nonempty (it contains a), and C ` (4) = Ci (q) for every q € T; hence, 
by Lemma 6.18, C œ Cı . This proves 4° and completes the proof of Theo- 
rems 6.21, 6.22 and 6.23. 
$6.3. Reduction of Hopf’s theorem to an extension theorem. 
EXTENSTON THEOREM. Let Ty" be a closed simplex contained in a simplex 
‚mn n 7a 2 2) 2) oy 4 ? = un 
Ti” C R". We denote the boundaries of To" and Ty" by So” and S1, re- 
spectively, Let us denote the polyhedral domain Ty" N Ta” by T and orient 
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at coherently with the preseribed orientation of R”; the boundary of the oriented 
domain T (in some triangulation K) we denote by 2" 
mapping of the set 


‚Let C be a continuous 


—1 vn-l =u = 
So” U Sr = z" l =] r 


. 4 —l 54 t-o- 
into an (n — 1)-sphere S™ of degree zero on the eycle 2” " 


Then C ean be extended to all of D. 

Let us assume that the extension theorem is true and derive Topf’s 
theorem from it. 

Suppose that o is a definite point of Ta". We are given mappings Cha and 
Ci of the same degree of Sy" into S% 7, 

We construct a mapping C of S” u Sy" = TN I into 8” as follows: 

By definition, C = Co on Sy". 

On S” ", C ir defined so that if p’ © S} and p is the point of inter- 
section of the ray op’ with So” "then C(p’) = Cip). (Briefly, the mapping 
Con Si" is the mapping Cy carried over from So" onto S1” | by means 
of a central projection from o as center.) Using the extension theorem, we 
extend C to T. 

Now let 8 be a real number, 0 < 6 < 1. We define a continuous mapping 
Ca of Sy" into S° as follows: Tor every po € Si” | denote by p the 
point of intersection of the ray opo with S,"" and by ps the point of the 
segment pop: which divides it in the ratio 8:(1 — 8). Now set Coe(po) = 
(‘(pe). (If, for instance, T,” is the result of a similarity mapping of Ti” 
with center o and coefficient 2, and 75” is the result of a similarity mapping 
with coefficient 1 + 6, then Ce is obtained by carrying the mapping C of 
the boundary of 735" over to Sy" by means of a central projection with 
center o.) 

The family of continuous mappings Cy, 0 < @ < 1, of Sy”? into S”~ 
is obviously a deformation of Co into Ci. This proves Hopf’s theorem. We 
must now prove the extension theorem. 

$6.4. Proof of the extension theorem. We first state a few elementary 
facts. 

1°. If pois a point of a simplex Ty" and C is a mapping of 


Se = i Ne de 


into a sphere ‚S”"', then C can be extended to all of To" N po. 

To sce this, let p be an arbitrary point of Fe” distinct from po. If p is 
its projection from po on S”"', we set C(p) = C(p’). _ 

Remark. Proposition 1° remains true if the closed simplex 7%” is re- 
placed by an arbitrary homeomorphic image E” of itself. 

2° Let Ty” and Ta” be disjoint closed simplexes contained in the interior 
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of a simplex T”. Suppose that the orientation t" of 7” is prescribed. If the 
boundary of the oriented polyhedral domain 


= T" Iy Ie U 1) 


(in some triangulation Ke”) is zy, then every continuous mapping C of 
T into a sphere S"! has degree zero on 20” " 

To prove this, we note that in view of 1.51 the degree of C on zo” is 
equal to the index of the center of S” relative to the cycle Cz”. If this 
index were different from zero, the center of the sphere would be contained, 
according to Theorem 2.11, in the image of D. This cannot be truc, since 
C is a mapping into 8”. 

We can now turn to the proof of the extension theorem. In the sequel 
we retain the notation of 6.3. Let K be a triangulation of the polyhedron 
T. The mapping € is defined at the vertices of K contained in S;"" u So" 
Define C arbitrarily at all the remaining vertices of K. 

Suppose m < n. We assume that C has been defined on all the elements 
of K of dimension <m — 1. We shall now define C on all the m-elements 
of KN (S! u So"). To do so, we first note that C is homotopic to 
zero on the boundary 7” N 7" of an arbitrary m-element T” of K. This 
is true because it is homotopic to a simplicial approximation of C, which 
maps 7” NT” onto a nowhere dense subset of 8”. 

Since C is homotopic to zero, it can be extended to all of the simplex 7” 
(Lemma 6.12). Hence C can be extended, step by step, to all the simplexes 
of A of dimension <n — 1. 

We now choose a point p; in each simplex T; € K and extend the 
mapping C of the boundary of T;” to all the sets 7," N p: in accordance 
with 1°. The mapping C has now been extended to all of T except for a 
finite number of exceptional points pi, +++, ps. We show that if s > 1, 
the number s can be decreased. To this end, join any pair of exceptional 
points, ¢.g., pı and p:, by a simple polygonal line pipe in T and enclose 


In 


this polygonal line in a very narrow closed polyhedral neighborhood E”, 
homeomorphic to a closed n-simplex (that is, embed the broken line in a 
narrow tube closed at both ends). Leaving the mapping C unchanged in 
the exterior and on the boundary of the neighborhood É”, we suppress it 
at the points of Æ” and then extend it again to the set E” N p. Then the 
redefined mapping C has a smaller number of exceptional points. 

By applying this construction as many times as necessary we arrive al 
a continuous mapping defined at all the poiuts of T except for a single 
point p . This mapping is an extension of the originally prescribed mapping 
of So" u S into S””. We must now remove the one remaining excep- 
tional point px. 
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Suppose that px € T” € K. It is no restriction to assume that 74” CT. 
We orient the domain Ta = Ti" N (Te u Te”) coherently with the pre- 
scribed orientation of T (and R”) and let zo” be the boundary of the 
oriented domain I’. It is clear that 2" = z" — Atx”, where 14” is the 
orientation of T” coherent with that of I’. The degree of the mapping C 
on Zo”, equal to the sum of its degrees on 2” and Als”, is, in view of 2°, 
equal to zero. Since the degree of C on 2” is also equal to zero by assump- 
tion, the degree of C on At,” is also equal to zero. Therefore, retaining the 
mapping C unchanged in the exterior and on the boundary of Tx” and 
suppressing it in the interior of T4”, we can use 6.23 to extend it again to 

Ta”. The final mapping is an extension of C to all of T. 


the closed simplex T's” 
This completes the proof of the extension theorem, and thus of ITopf’s 
theorem. 


=q 


Chapter XVII 


FIXED POINTS OF CONTINUOUS MAPPINGS OF 
POLYHEDRA 


This chapter is devoted to a proof of the celebrated Lefsehetz-Ilopf fixed 
point theorem. The theorem expresses the algebraic number of fixed points 
of a continuous mapping of a polyhedron into itself in terms of a homology 
type numerical invariant of the mapping, that is, in terms of a number 
determined by the cudomorphisms of the Betti groups of the polyhedron 
indueed by the mapping. 

The Lefschetz-Ilopf theorem was proved by Lefschetz in 1926 for mani- 
folds and mappings with a finite number of fixed points. In 1927 Hopf gave 
a completely new and elementary proof, at the same time disposing of the 
more general case. The result was a theorem embracing almost all the facts 
known about the fixed points of polyhedra (and not only manifolds) and 
subsuming even in the case of manifolds—as special cases the majority 
of previously known fixed point theorems (in particular, the theorems dis- 
cussed in the preceding chapter). 

The entire proof, which we give in this chapter, is due to Hopf. The 
chapter is itself a revision of Chapter 14, originally written by Hopf, of 
our joint work (Alexandroff-Hopf, Topologie I). 


$1. The fixed point theorem 


$1.1. Fixed simplexes. Let Ng be a subdivision of an n-dimensional 
triangulation Xa and let Saf be a simplicial mapping of Ka into Ka. If 
Ta is an r-simplex of Ag, the dimension of the simplex ST” does not. 
exeeed r; if it is equal to r, it may happen that Tg is contained in SATa, 
that is, Ty may be a simplex of the subdivision of sry C NK, in Kg. In 
that case Tg ix called a fixed simplex of Sa’. 

If és” is an orientation of a fixed simplex Tg (briefly: 3” is an oriented 


fixed simplex), then ta” = Sats” is also an oriented simplex and its sub- 
division sg“ta’ in Kg is a chain; the coefficient of és” in this chain is 

8 
(1.10) (sa Sa lg . ts’) nu +1. 


This coefficient is independent of the choice of the orientation ts” of Ts, 
for if ts’ is replaced by — tg", both terms in the scalar product. (1.10) change 
sign. A fixed simplex Tg € Kg is called a positive fixed simplex if the sealar 
product (1.10) is +1, and a negative fixed simplex if it is —1. 

We now introduce the following definition: The algebraie number of fixed 
r-simplexes of a simplieial mapping S.° is the difference between the number 
of positive and the number of negative fixed r-simplexes of Se. 


128 
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We shall give another interpretation of this number. 

Let Le = Lo (Ka) be the group of all integral r-chains of Ka. A sim- 
plicial mapping S,” of Kg into Ka induces a homomorphism (denoted by 
the same letter; VII, 8.2) of Lẹ” into the group La = In’ (Ka), and the 
subdivision of Xa (that is, the subdivision operator from Ka to Kg) induces 
an isomorphism sg“ of La into Lg’. Tence the mapping s3g“Sq° is an endo- 
morphism f of Lg”. We assert that the trace Sp; Lg, or briefly, Sp Lg” of f 
(Appendix 2, 2.7) is equal to the algebraic number of fixed 7-simplexes 
of Sa. 

Indeed, the oriented r-simplexes fg” (1 < i < p) of Ka form a basis 
for Lg. The endomorphism f is defined by the system of equations 


(1.11) flad = Fr aita; (lsi<p’), 


where the coefficients a;; are 0, +1 or —1. A simplex ! 4 | is fixed if, and 
only if, az; Æ 0; it is a positive or negative fixed simplex if aj; is +1 or 
— 1, respectively. Consequently, the algebraic number of fixed r-simplexes 
is equal to 


(1.1) De li = Sp Lz. 


$1.2. Hopf’s formula. We have shown that a sufficient condition for the 
existence of fixed simplexes of Sa is the nonvanishing of the trace Sp Lg" 
of the endomorphism f = s3“ S of the group Lọ. The existence of fixed 
simplexes (as well as their number) is a property of the simplicial mapping 
S. We shall show, however, that it is a homology property of the mapping 
Ña of the polyhedron || Xa || into itself induced by the simplicial mapping 
Sa, and shall clarify the topological meaning of this property. To this end, 
we express the algebraic number of fixed simplexes in terms of a number 
characterizing the behavior of the Betti groups under the induced endo- 
morphisms; the result is the formula discovered by Hopf and named after 
him. Hopf’s formula is proved by methods analogous to those used in the 
proof of the [uler-Poincaré formula, with only this essential difference, 
that the ranks of the various groups are now replaced by the traces of the 
endomorphisms to which these groups are subjected. 


Because the operators A and sg*S,.° commute, the endomorphism 
f = s°S of Le” induces endomorphisms of the subgroups Zg = 


Zx (Ka, J), He = Hs (Ka, J) and Ag = I14"(Kg, J). It follows that f 
induces endomorphisms of the factor groups Lg /Zg = Ag and Le /He = 
Ao’, Which we also denote by f. The factor groups Ag’ and Aog, like the 
groups Zg, Hg and Il", are free Abelian groups. Hence the traces Sp Zy, 
Sp Hg’, Sp Ag’, Sp Ag”, Sp Ams’ (0 < r < n) are all defined. 

Since the reasoning in the sequel involves only Xg, we shall omit the 
iudex ß. 


130 FIXED POINTS OF CONTINUOUS MAPPINGS OF POLYHEDRA [CH. XVII 


We shall prove that 
(1.21) Sp Av = Sp H. 

The operator A is a homomorphism of L” onto H land Afx” = fAx for 
every x” € L’. The kernel of this homomorphism is Z”. It is clear that the 
isomorphism A of A” = L’/Z’ onto H™ induced by the homomorphism A 
of L onto H™” also satisfies the relation 

Af = fA; 
hence the isomorphism A of A” onto IT’ transforms the endomorphism 
f of A” into the endomorphism f of I" and (1.21) follows. 

In view of the additivity of the traces (Appendix 2, Theorem 2.8), 

we have 

Sp Av = Sp (1/Z) = Spb’ — Sp Z, 
and (1.21) ean be rewritten as 
(1.22) Sp IZ — pZ = Spi. 

Furthermore, since Ag” = Z’/H", where A" is the division closure of H” 
in Z’, we have (since Sp A" = Sp IT’; see Appendix 2, 2.8, Remark) 
(1.23) Sp Z” — Sp H = Sp Aw. 

Adding (1.23) and (1.22), we obtain 
Sp L’ — Sp H = Sp I + Sp Aw’, 
or 
(1.24) Sp L = Sp Aw + Sp + Sp. 
Multiplying (1.24) by (—1)", summing over r from 0 to n and recalling 
that J ' = H” = 0 (so that Sp IF" = Sp II" = 0), we obtain Hopf’s 
formula: 
( 1.25) pas (— 1 Y Sp J: = Se (— i Y Sp Na: 


Hopf’s formula is a generalization of the Kuler-Pomcare formula since, 
if Kg = Ka and the simplicial mapping Sa is the identity (as is also 33”), 
then all the endomorphisms f are identity mappings of the corresponding 
groups and their traces are equal to the ranks of the corresponding groups. 
In particular, Sp L” = p and Sp Au = r. 

An immediate consequence of (1.25) is the following 

THEOREM 1.2. (SXISTENCE OF FIXED SIMPLEXES.) If 


Di (= 1)" Sp Au” 0, 


then there exists at least one fixed simplex. 
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Indeed, in this case, there is an r such that Sp L # 0. Then for this r 
there exists an 7 such that a; = 0 m (1.1) and (1.11); consequently, 
| ¢,’ | is a fixed simplex. 

For instance, let Ag be a triangulation of a closed n-simplex. Then 
Aw = 0 forr > 0; therefore, Sp Aw” = 0 for r > 0. But Sp Au = 1 (as 
it is for every connected complex). Consequently, Dorao Sp Aw = | and 
Kg contains at least one fixed simplex. 

$1.3. The Lefschetz number of a continuous mapping of a polyhedron 
into itself. Let C be a continuous mapping of an n-dimensional polyhedron 
P into itself. According to XI, 3 and 4, C induces a homomorphism C of 
Ad’ (P) into itself; this homomorphism also maps the torsion group O’(P) 
C (P) mto itself. Therefore, the homomorphism C of An (P) mto itself 
induces an endomorphism of Aw & Av (P)/O’(P), which we again de- 
note by ÇC. Since Aw is a free Abelian group, the trace Sp Aw = Spe Aw 
is defined. If P = | Ka! = | Kyl] and C = S.° (where Ka, Ag and Sa 
have the same meaning as in the preceding subsections), then Spe Ac’ 
coincides with the trace Spy Aw defined in 1.2 (since every cycle of Kais 
in the same homology class of P as its subdivision in A). 

DEFINITION 1.8. The Lefschetz number of a continuous mapping C of a 
polyhedron P into üself is 


Ag = ee (— 1)” Sp Ages 


REMARK. The number Ae expresses a property of the homomorphism C 
of Aw’ into itself, i.e., a property of the homology type of the mapping C. 
Therefore, every two completely homologous and so, a fortiori, every two 
homotopic mappings of a polyhedron P into itself have the same Lef- 
schetz number. 

Fixen Powt THEOREM 1.3. /f Ac #0, then C has at least one fixed point, 
i.c., there is a point p € P such that Cp = p. 

Proof. Suppose Ac # 0. Define on P the real-valued function g(p) = 
plp, Cp). We must show that ¢(p) vanishes for at least one pomt of P. 
Since P is compact and ¢ is continuous, it is sufficient to show that for 
every e > 0 there exists a point p € P for which (p) = p(Cp,p) <e 

Suppose e > 0 is prescribed. We approximate Ç by a simphicial mapping 
Sof a subdivision Kg of a triangulation Ka of P. We assume that the 
mesh of Ka is so small that the following conditions are satisfied (sce XI, 
5): 








1°) C is homotopie to Sa 

2°) The mesh of Kais < e/2. 

3°) p(Cp, Bap) < e/2 for all p € P. 

By 1°), Ase = Ac (see the Remark after Def. 1.3). 

Hence Azs # 0 and S has a fixed simplex according to Theorem 1.2. 
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. ; . i 3 a ß 

If p is au arbitrary point of a fixed simplex 7's € Kg, then p and Sep 
j i à è a o 

are contained in the same simplex ST; € Ka ; hence, according to 2°), 


(1.31) ` pp, Šp) < ef2. 
But, by 3°), 
(1.32) o(Cp, Sap) < 6/2. 


It follows from (1.31) and (1.32) that 


p(p, Cp) < «. 


This completes the proof. 

$1.4. Examples. 1°) It follows immediately from the geometrie meaning 
of the Oth Betti group that Sp Au = 1 for every mapping of a connected 
polyhedron P. If the Betti numbers m’(P) are equal to zero for all r > 0, 
Le., Aw = 0 forr > 0, then all the traces Sp Aw are also equal to zero 
for r > 0. In that case, Ac = 1 for every mapping C of P into itself, and 
we have 

1.41. Every continuous mapping of a connected polyhedron P into itself, 
all of whose Betti numbers (except m") are equal to zero, has at least one fixed 
point. 

Examples of such- polyhedra are the closed n-simplexes and the projec- 
tive spaces of even dimension. 

2°) In the following two theorems we utilize the fact that homotopic 
mappings are homologous and that consequently the Lefschetz numbers 
of such mappings are equal. 

If a polyhedron P is mapped into a single point, Sp Aw = 1 and 
Sp Aw = 0 forr > 0, so that Ac = 1. Hence, 

1.42. If a continuous mapping C of a polyhedron P into itself is homotopic 
to zero, then C has at least one fixed point. 

3°) The identity mapping of a polyhedron P induces identity isomor- 
phisms of the Betti groups. Therefore, Sp Aw = r for every r, and the 
Lefschetz number is equal to Ir (—1)'2", that is, the Euler character- 
istie of P. Consequently, 

1.43. /f the Euler characteristic of a polyheron | K || is different from 
zero and a continuous mapping C of © K || into itself is homotopic to the 
identity, then C has a fixed point. 

All surfaces (closed and with boundary), except for the torus, the Klein 
bottle, a cireular ring and the Möbius band, satisfy Theorem 1.43. 

4°) If P is an n-dimensional closed orientable pseudomanifold whose 
Betti numbers of dimensions 1, 2, +++, a — l are equal to zero (for in- 
stance, if P is an »-sphere or projective 2n-space) and C is a mapping of 
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degree y of P inte itself, then Sp Aw =], Sp Aw” = yand Sp Aw = 0 
for0 <r < n. Therefore, Ac = 1 + (-1)"y. 

It follows, in particular, that: 

1.44. Zf all the Betli numbers of dimensions |, 2, +++, n — 1 of a closed 
ortentable n-dimensional pscudomanifold P are equal to zero [for examples 
see the parenthetical remark in the first paragraph of 4°)], then every map- 
ping of P into itself of degree different from (—1)"™ has a fixed point. 

$1.5. Some remarks on the Lefschetz number. We saw that the condition 
Ac #0 is sufficient for the existence of fixed points of a mapping C. We 
show that this condition is not necessary. To this end, we prove the fol- 
lowing very clementary proposition: 

1.5. H is possible to construed a continuous mapping Co of a lemniseate onto 
self, whose Lefschetz number is zero, bul which has a fixed point. (Every 
mapping C homotopre, or even N-homologous, to Co has the same property.) 

The proof is preceded by the following lemma: 

1.51. If C is a mapping of a eireumference into itself of degree e, then C 
has at least |e — 1! fired points. 

In particular, the lemma implies that every mapping of a circumference 
into itself which has no fixed points has degree +1 and is, therefore, homo- 
topic to the identity. 

The proof of Lemma 1.51 is remarkably simple. We cousider the angle 
function F(x) corresponding to the mapping C (see IT, proof of Theorem 
2.51). Then F(1) — F(0) = 2c. Setting f(x) = F(x) — mr, we have 
ra) — f(0) = 2r(c — 1); whence it follows that f(r) is an integral mul- 
tiple of 2r for at least |c — 1 | values of x. Denoting these values of x by 
zi, we have F(x;) = 2re; + 2rk;, k: an integer. Then the points of the 
circumference corresponding to the points x; are fixed points of C, which 
proves Lemma 1.51. l 

Proof of Theorem 1.5. Instead of a lemniscate, we consider the union of 
two circumferences 2, and Z tangent to each other at a pomt po. Denote 
by zı and ze arbitrary orientations of % and 22. On each of these eircun- 
ferences we shall measure angles from po in the sense corresponding to the 
prescribed orientations of the circumferences. We then define the mapping 
( by the formulas 


Ca) = -a ond, 
Cola) = 2a on 22, 
where a; (i = 1, 2) denotes the angular coordinate we have Just intro- 


duced on 2; . 
The mapping Cy (and every mapping It-homologous to Cy) maps the 
: x ; , ae . 
eyeles z aud z into —2ı and 22 , respectively, so that Sp Aw = 1 and 


0. 


consequently A 
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On the other hand, Lemma 1.51 imphes that Co, which has degree — 1 
on 2,, has at least | —1 — 1| = 2 fixed points on %. 

We shall now prove that every continuous mapping C, which is It-homol- 
ogous to Co, has at least one fixed point on Z (in spite of the fact that C 
may not map all of Zı into itself). With the parenthetical remark in mind, 
we eonstruct an auxiliary mapping C’ of % into itself as follows: If p € 3 
imphes C(p) € A, set (p) = C(p). If C(p) € 2, set C’(p) = po. The 
mapping C” is continuous and has the following property: If p is a point of 
2, different from po and C,, Cy’ are sufficiently good simpheial approxima- 
tions to C and C’ (restrieted to 2), then Ci(z.) and Cr (21) eover p the 
same (algebraic) number of times. (This easily follows from the fact that 
C and C coincide at all the points of 2, mapped by C into 2.) But since 
C(z) = —2,, this number is —1 for Ci, so that it is also —1 for Cy’. 
Hence the mapping C’ of 2, into itself has degree — L and therefore has at 
least two fixed points. If p is a fixed point of C’ different from po, then 
C’(p) = p = po. Hence C’(p) = C(p), and so C(p) = p. 


$2. The index of a fixed point 


$2.1. Definition of the index. Let C be a continuous mapping of a domain 
TE R” into R”. We shall call the veetor v(x) = xl (x) the displacement 
vector at the point x induced by the mapping C. The veetors v“(x) form a 
vector field V” defined at all the points of T; B° is referred to as the dis- 
placement field of C. The zeros of this field coincide with the fixed points of C. 

Let p he an isolated fixed point of C, that is, an isolated zero of the 
field 8”. The index of this zero (see XVI, 5.2) is called the index of the 
fixed point p. In view of the diseussion of XVI, 5.2, this index may be de- 
termined, for instance, as follows: 

2.11. We suppose R” is given a fixed orientation and that all its (n — 1)- 
spheres are oriented coherently with the chosen orientation of R”. Let E” 
be a closed solid sphere in T, bounded by the sphere S° = E"NE", 
and containing no fixed point of C different from p. We now take a sphere 
of directions (that is, a fixed sphere, e.g., the unit sphere with center at 
the origin and radius 1) So” of R” and assign to each point x € s% 
that point Coa of So" at which Sy”? intersects the ray from its center 
parallel to the displacement, vector »" (x). The degree of the mapping Co of 
S* into 8,” is also called the index of the fixed point p and is denoted by 
mde p. 

Remark. The index inde p is independent of the choice of the sphere 
S°} used to define it; moreover, the sphere S”" ean be replaced by an 
arbitrary proper eyele 3”, relative to which the point p has index 1 (see 
NVI, 5.1, 5.2). This is a consequence of the fact that inde p is the index 
v(Cu5" ", 0) and of the elementary properties of the index. 

DEFINITION 2.12. Hf a domain P contains only a finite number of fixed 
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§2.3. Normal fixed points. Topological invariance of the index of a fixed 
point. Let T and C have the same meaning as in 2.1. Suppose that a fixed 
point o € T (of C) has the following property: 

There exists a closed n-cell (that is, a topological image of a closed n-sim- 
plex) E” = E” u 8” ' such that o is the only fixed point of C in E” and such 
that C( S" =) n BE” = 0. 

Then we say that o is a normal fixed point. 

We orient the cell X” coherently with the preseribed orientation of T. 
The boundary of the oriented cell E” is a proper (singular) cycle 5". We 
shall prove the following proposition: 

2.31. With the notation as above, the index of a normal fixed point o Ts 
equal to the degree of C in the point o of E”, or, equivalently, to the index of o 
relative to the cycle C3""' 

Proof. By means of a topological mapping of a closed n-simplex F” 
onto E”, transfer the afline geometry of T” to E”. Using this geometry, 
denote by pa, for 0 < 9 < Land p € S"", the point dividing the “seg- 
ment” [po] in the ratio 6:(1 — 6). Since o is a normal fixed point, pe can- 
not be contained in CCS”) for 8 > 0. Hence pe # C(p). 

The deformation 


ve(p) = po (p) 


is a continuous transformation of the field BE = W% into the field V, con- 
sisting of the vectors 


n(p) = oC(p), 


and the vectors of the field do not vanish during the deformation. It fol- 
lows that the fields ®, and X, have the same characteristic on 3%". But 
the characteristic of V on 5" is the index of o relative to ((5""), which 
was to be proved. 

The importance of the concept of normal fixed points depends to a great 
extent on the following propositions, which together with Theorem 2.3 
enable us to prove the invariance of the index of a fixed point. 


2.32. An isolated fixed point o € T of a mapping C of a domain T C R” 
into R” is said to be normalizable if there exists a closed n-cel E” c 


E 

containing o in its interior and a deformation Ce, 0 < 0< 1, of Cy = C, 
restricted to Æ”, satisfying the following conditions: 

I) No mapping Co, 0 < 0 < 1, has a fixed point on the boundary of 
LE". l 

2) The point o is a normal fixed point of Ci. 

2.35. Erery isolated fixed point o € T of a eoutinuous mapping C of a 
domain T is normalizable. 


Proof. Let T”, o C T", T" C T be any n-simplex such that 7” contains 
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no fixed point of C different from o. Denote by y an arbitrary nonnegative 
continuous function defined on all of 7”, assuming the value 0 at o and 
the value 1 at all points of the boundary of T”. Let d be the diameter of 
T”. Now define a deformation Ce of the mapping C = Cy of 7” as follows: 

For every x € T” denote by Cex the point of the ray C(x) at a distance 
alC (x), x] + delr) from x. No mapping Cs has a fixed point on the bound- 
ary of T”; the point o € 7” is the only fixed point of Ci in 7". It is normal, 
because 


pler), x] = olC(v), ze] +d >d 


forg € TEN T", so that C(x) € P. 

We apply Theorem 2.33 to prove 

THEOREM 2.34. TUE TOPOLOGICAL INVARIANCE OF THE INDEX OF AN 
ISOLATED FIXED POINT OF A CONTINUOUS MAPPING. Let o be an isolated fixed 
point of a mapping C of a domain T G R” into R”. If F is a topological map- 
ping of R” onto itself (or onto another Euclidean space Ry"), then the index 
of the point ð = F(o) with respect to the mapping FCF is equal to the index 
of the fixed point o with respect to C. 

The same theorem can obviously be formulated as 

2.340. Let R be a topological space homeomorphic to R”. Let T be a 
domain of R and let C be a continuous mapping of T into R having an 
isolated fixed point o. Suppose that F is a topological mapping of R” onto 
R and transfer the Fuclidean geometry of R” to R by means of this map- 
ping. Then the index of o relative to C, defined as above by means of the 
induced Euclidean geometry in R, is independent of this geometry, i.e., 
it is the same for all topological mappings F of R” onto R. 

If o is a normal fixed point, Theorem 2.34 follows from 2.31 and the 
topological invariance of the local degree of a continuous mapping (XVI, 
Theorem 4.22). 

In the general case Theorem 2.34 follows from 2.33. However, it is more 
convenient to prove 2.340. 

We note first that the concept of normal fixed point is independent of 
the geometry introduced in R and that we have already proved that every 
normal fixed point of a given continuous mapping C has the same index in 
all geometries. 

Now let C be a continuous mapping of a domain T into R, witho € T 
as an isolated fixed point. We consider a cell Æ” C T containing o in its 
interior and a continuous deformation Ce of Co = C into a mapping Ci 
with o as a normal fixed point. 

We suppose that the deformation Cs satisfies 1) and 2) of Def. 2.32. It 
follows from these conditions that the characteristic of the vector fields 
RT and Be ig the same on the boundary of Æ” no matter which geometry 
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is introduced in R. Hence, inde, 0 = inde, 0 in every geometry. But inde, 0 
is the same in all geometries; consequently, inde, o is the same in all geom- 
etries. 

$2.4. Fixed points of affine mappings. We give still another application 
of normal fixed points: a definition of the index of a normal fixed point. 
of an affine mapping. 

THEOREM 2.4. Let T” be a closed n-simplex in R”; denote by S an affine 
mapping of T” into R” such that T” C ST" and such that Š has no fired 
points on T” N T”. Then T” contains precisely one fixed point with index 
+1 (—1) if Bis positive (negative). 

Proof. Since T” < ST” = T,", the dimension of T,” is equal to n and, 
consequently, S is non-singular, that is, the inverse mapping S + exists. 
Since 7” C Ti”, the mapping $` of T,” onto T” has at least one fixed 
point (see 1.41). Such a fixed point is also a fixed point for S. Since S has 
no fixed points in 7" NT”, the fixed point must be in T”. 

If S had two fixed points 0; and o in T”, all the points of the straight 
line 00, , which is contained in Ñ”, would be fixed points, since S is affine; 
in particular, there would be fixed points on the intersection of this straight 
line with the boundary of 7”, contrary to our hypothesis. Hence, T” con- 
tains only one fixed point. This point is a normal fixed point and, conse- 
quently, by 2.3 its index is equal to the degree of S in the point o, i.e., 
+1 or — 1 depending on the sign of Š. We shall apply this theorem in 3.4. 


$3. The algebraic number of fixed points of a continuous mapping of a 
polyhedron into itself 


$3.1. Definition of regular fixed points. Formulation of the fundamental 
theorem. Let P be a pure (see VI, Def. 5.24) n-dimensional polyhedron, 
let C be a continuous mapping of P into itself and let o be a fixed point of 
C. We call the fixed point o regular (with respect to a triangulation K of 
P) if it is an isolated fixed point (that is, if it has a neighborhood containing 
no other fixed pomts) and is contained in an n-simplex T of the triangula- 
tion A. Because C is continuous, the point o has a neighborhood U whose 
image CU is also contained in T. Consequently, if we regard T as part of 
the Euchdean space R” which carries T, we can speak of the index of the 
fixed point o. 

If Chas only regular fixed points (relative to X), the sum of their indexes 
is called the algebraic number of fixed points of C. The following theorem 
asserts that the algebraic number of fixed points of C is completely de- 
termined by the homology type of C: 

THrorem 3.1. If a continuous mapping C of the body P = || K || of a 
pure n-complex K onto itself has only regular fixed points (relative to K), 
then the algebraic number of fixed points is equal to (—1)" Ac. 

We shall prove this theorem in 3.3, 3.4 and 3.5. It is a stronger form of 
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the fixed point Theorem 1.3. The theorems of 1.4 can now also be strength- 
ened. If P is connected and (P) = 0 for r > 0, the algebraic number of 
fixed points of an arbitrary continuous mapping of P (all of whose fixed 
points are regular) is equal to (—1)"; if C œ 0, then (for arbitrar yP= 
l K ||) its algebraic number of fixed points is equal to the Euler character- 
istic of K multiplied by (— 1)"; if C isa mapping of S” into itself of degree 
d, the algebraic number of fixed points of C is equal to (—1)” + d; ete. 

§3.2. Generalization of Theorem 3.1. Theorem 3.1 can be extended to 
an arbitrary continuous mapping (without the restriction that its fixed 
points be regular), that is, to a continuous mapping whose algebraie num- 
ber of fixed points is not determined in advance. This can be done by 
meaus of the following 

THEOREM 3.2, Let C be an arbitrary continuous mapping of a pure n- 
dimensional polyhedron P into itself and let e be an arbitrarily small positive 
number. There exists a continuous mapping Ce of P into itself and a triangu- 
lation K of P with the following properties: 

1) The mappings C and C. differ from cach other by less than e: 


Ple (£), C.(x)] < € 


foralx € P. 

2) All the fixed points of Ce are regular with respeet to K. 

In addition, if e is sufficiently small, all the mappings C. satisfying 1) 
and 2) are homatopie to C and have the same algebraie number of fixed points, 
equal to (-1)"Ar. 

The second part of Theorem 3.2 follows immediately from Theorem 3.1: 
if eis chosen so small that the approximating mappings are all of the same 
homology type, the Lefschetz number of each of these mappings is equal 
to Aq; hence, by ‘Theorem 3.1 the algebraic number of fixed points of each 
mapping is equal to (—1)" Ac. 

$3.3. Regular fixed points of simplicial mappings. Hence, we need prove 
only Theorem 3.1 and the first part of Theorem 3.2 (the existenee of the 
mappings C). 

We ean strengthen Theorem 3.2 still further by requiring that the ap- 
proximating mappings be simplicial. However, before formulating this 
strengthened version, we wish to characterize combinatorially the property 
that a simplicial mapping have only regular points. 

3.30. Let Kə be a subdivision of a pure n-dimensional triangulation Ay, 
and let S be a simpli¢ial mapping of K: into Kı. If S has a fixed r-simplex 
(r < n), then S has at least one nonregular fixed point (relative to Kı). 
Conversely, if the only fixed simplexes of S are n-simplexes, then S has 
only regular fixed points (relative to Kı); furthermore, S has precisely 
one fixed point in each fixed n-simplex of Aa. 

Proof. If T7 € Ky isa fixed r-simplex of S, S has at least one fixed point 
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p € Ts’. Since p is in the simplex 7,” = ST’, it is not regular fr < n. 
Conversely, suppose S has no fixed simplexes of dimension less than n; 
let p be a fixed point of S and let T; be its carrier in Ke (i.e., the simplex 
of Ka containing p). Then T's is a fixed simplex of S; hence its dimension 
is n. Its boundary contains no fixed points, since it consists of simplexes of 
dimension less than n. Hence, according to Theorem 2.4, p is the unique 
fixed point in T». It is, therefore, a regular fixed point. 

The stronger form of the first part of Theorem 3.2 alluded to above can 
be stated as 

THE APPROXIMATION THEOREM 3.3. For prescribed e > 0 and continuous 
mapping C of a pure n-dimensional polyhedron P into itself, there exist tri- 
angulations Kı and Ky of P, with Ks a subdivision of Kı, and there exists a 
simplicial mapping S of Ky into K, satisfying the following conditions: 

1) The inequality 

elC(x), S(v)] < e 
is satisfied for all x € P. 

2) All the fixed simplexes Te € Ka of S have dimension n. 

§3.4. Reduction of Theorem 3.1 to the approximation theorem. In addi- 
tion to Theorem 3.3, we must still prove Theorem 3.1. However, we shall 
now show that Theorem 3.1 follows from Theorem 3.3. 

Suppose that the continuous mapping C satisfies the hypotheses of 
Theorem 3.1, and let o; (1 < 7 < s) be its fixed points (there are only a 
finite number of these). Furthermore, let 7," (1 < 7 < s) be the carrier 
of o; in K and let Ti” be an n-simplex contained in T;”, containing o; and 
so small that CT," C T,”. The function f(x) = p(x, Cr) has an infimum 
b; > 0 on the set PN Ui T1,". In addition, according to Theorem 2.22, 
there exists for each 7 a number a; > 0 [the infimum of f(x) on || Pu” |]] 
such that every mapping Ci for which p(C, C1) < a; has the same algebraic 
number of fixed points in Ti” as C. 

Suppose that e is a positive number smaller than all of the numbers a; 
and b; (1 <7 < s), and let S be a mapping satisfying 1) and 2) of Theorem 
3.. 

Since e < b;, S has no fixed points outside the simplexes 71:"; since 
e < ai, C and S have the same algebraic number of fixed points in each 
of the simplexes Ti:”. Hence, if we denote by Jc and Js the algebraic 
number of fixed points of C and S, respectively, we have 


(3.41) Je = Js: 


We may further suppose that e is so small that C and S are homotopic and 
are, consequently, also homologous; then, in partieular, 


(3.12) Ac = At į 
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Formulas (3-11) and (3.42) reduce the proof of the assertion 
Je = (= 1)" Ac 

of Theorem 3.1 to the proof of the analogous assertion 
Ja = ee RN 


for a simplieial mapping S whose only fixed siniplexes are n-simplexes. But 
for such a mapping (using the notation of $1) Sp L” = 0 forr < n, and 
(1.25) becomes 


(=1)* Sp L” = Az, 
or 
Sp L* = (—1)”Az. 


It was shown at the end of 1.1 that Sp L” is equal to the algebraic num- 
ber of fixed n-simplexes, that is, the difference between the number of 
positive and negative fixed n-simplexes. Therefore, by Theorem 2.4, Sp L” 
is the sum of the indexes of the fixed points in the fixed n-simplexes. Since 
there are no other fixed points 


Js (Sas, 


This completes the proof. 

Our only remaining task is to prove the approximation Theorem 8.3. 

$3.5. Proof of the approximation theorem. In this subsection Ay will 
denote the baryeentrie subdivision of a triangulation X and “a subdivision 
of a triangulation” will always mean a barycentrie subdivision of some 
order. 

Since every continuous mapping can be approximated with arbitrary 
accuracy by a simplicial mapping, we may suppose to begin with that 
C = So, where Sy is a simplicial mapping of a subdivision K® of Ky into K. 

In addition, suppose that the mesh of X is less than e/2n, where e is a 
prescribed positive number We shall construct a sequence of simplicial 
mappings 

So, Si, ar , Sn 
of the polyhedron P = || K || into itself such that 


a) the mapping S, (0 < r < n) isa simplicial mapping of a subdivision 
K” of Kı into K, all of whose fixed simplexes have dimension > 7; 


b) p(Ñ., Sa) < e/n. 


If we coustruet such a sequence, then S, = S satisfies conditions 1) 
and 2) of Theorem 3.5: all the fixed simplexes of S, have dimension n and 
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the inequality 
p( Spx, Cz) <nle/n) =e 


is satisfied for every x € P. 

The mapping Sp and the subdivision K® of Kı are given. We suppose 
that the mapping S, and the subdivision kK have been constructed and 
construct 8,4. and KOP. However, we must preface the construction 
with several introductory remarks. We call a simplex T of a subdivision 
K’ of K a prineipal simplex (relative to K) if the dimension of its carrier 
in X is equal to the dimension of T. If K” is a subdivision of A’, then every 
simplex T € K”, which is a principal simplex relative to X, is obviously a 
principal simplex relative to A’ and its carrier in A’ is a principal simplex 
relative to K. Finally, we note that every fixed simplex of a mapping of K’ 
into K is a principal simplex relative to K. 

Lemma 3.51. If KË is a barycentric subdivision of a triangulation K of 
order r (r > 1), the stars O(K™; T3) and O(K™; TŻ) of two arbitrary 
simplexes Ti’ and T° of equal dimensions, which are prineipal simplexes re- 
lative to K, are disjoint. 

Proof. Lemma 3.51 can be stated as 

3.510. Two simplexes of K? of the same dimension s, which are principal 
simplexes relative to K, cannot be faces of the same simplex of K”. 

If K® is a subdivision of K’ and K’ is a subdivision of K, then every 
simplex of K” which is principal relative to K is a principal simplex rela- 
tive to A’. Therefore, it is sufficient to prove 3.510 on the supposition that 
K is the first order barycentrie subdivision of K. 

But then 3.510 follows from the fact that the only s-face of a simplex 
(T > +++ > T, > ++) > To") of the barveentrie subdivision of K 
which can be a principal simplex is (T, > +++ > To"). 

We now proceed with the inductive construction which is the heart of 
the proof of Theorem 3.3. 

Given 8, and A, we are required to construct Spur and KO. Let 
T7 (1 < i < k) be all the fixed r-simplexes of S,. We construct a sub- 
division KU of K? by subdividing all the stars O(K™, T7) ina special 
way; the mapping S, is obtained by changing S, only on these (pairwise 
disjoint!) stars. 

The subdivision of A“ is defined as follows: First, we construct the 
central subdivision of each fixed simplex Tr relative to its boundary (which 
is not subdivided) (see IV, 4.3); next we construct the central subdivision 
of cach (r + 1)-simplex 7’ € O(K®; T7) relative to its boundary (one 
simplex of its boundary, namely T7, has already been subdivided). After 
the (r + s)-simplexes have been subdivided, we construct the central sub- 


division of cach (r + s + 1)-simplex of the star O(K®; TA) relative to 
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the already constructed subdivision of its boundary. The construction is 
finished when all the n-simplexes of the stars O(K; TZ) (1 < i < k) 
have been subdivided. 

We now define the simplicial mapping 8,41 of K“ into K. 

1°. If a vertex eT? € K*” is also a vertex of KO we set Sppe? = 
Set, 

2°. Suppose that a vertex et? € KT” is not a vertex of K”. Then 
eFt» is the centroid of one of the simplexes of a star O(K”; 77) and we 
consider two cases: 


21°. The vertex e"™ is the centroid of a simplex 7 € O(K™; 7';") differ- 


ent from 77. Then we choose an arbitrary vertex e of the simplex 8,T; € K 
1 
and set Su” = e. 


2°. The vertex e“*” is the centroid of T7. Then we let Sue” € K 
be an arbitrarily chosen vertex of a simplex of the star O(K; ST) which 
is not a vertex of the simplex 8,7’. (There is always such a vertex since 
r <n and K is a pure complex.) 

We now prove that the mapping 38,4; of the set of all vertices of I 
into the set of all vertices of K maps the star of every simplex T € K 
into the star of a simplex of A. It is clearly sufficient to show this for the 
simplexes T of the subdivided stars O(K”; T7). We consider two eases 
separately: 

1) A vertex of T is the centroid of some 7,7; then the remaining vertices 
of T are either vertices of T7 or centroids of simplexes of O(K™; TË); 
S41 maps all these vertices into vertices of the simplex S,7',’, and it 
maps the centroid of T7 into a vertex e € O(K; S,T;). Hence, all the 
vertices of T are mapped into vertices of the simplex 


(e8,T7) € O(K; 8,17), (e877) € K. 


(r+D 
(+1) 


2) No vertex of T is the centroid of a simplex 7,7; then the vertices of 
T are either centroids of other simplexes of O(K®; T7) or vertices of a 
simplex T’ of the boundary of this star; S,;: maps all these vertices into 
vertices of the simplex S,T7 and of the simplex 8,7” € | O(K; 8,777) | 
[| O(K; S-T/)) is the combinatorial closure of O(K; S,7'’); see IV, Def. 


1.32]. Hence all the vertices of 7’ are mapped into vertices of the simplex 
(STT) € |O(K; ST N, 


REMARK. A consequence of the above is 

3.511. Let O; be the body of the star O(K™,; T7) and let T; be the body 
of the star O(K; S,7';’). If a simplex T € K°*” is contained in O;, then 
Sure Ti: 

We now prove that the simplicial mapping S,+ has properties a) and 
b) (see the beginning of 3.5). 
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a) The mapping S,4: has no fixed simplexes of dimension less than 7 + 1. 


For, let 7’ be a simplex of K°*” of dimension < r. If 


T c | REO N UO, 


then 7” is obviously not a fixed simplex of S,41, since S, coincides with 
S, on || KEH? JIN 0: [S; has fixed simplexes only of dimension > r, and 
the fixed r-simplexes of S, are the simplexes 77 € O(K 9. 7,7).] Suppose 
1” c 0:. I£ T’ is a fixed simplex of S, , then it must be a principal 
simplex relative to A and therefore also relative to KO”. 

Since all the simplexes of OK”; 77) different from T7 have dimension 
> r, the carrier of 7” in K® must be 77’; hence, the dimension of 7” is r, 
so that one of the vertices of 7” is the centroid of T7. 

Since T7 is a fixed simplex of S,, 77 C S8S,T/ € K; hence 


(3.52) WEITERTIER 





that is, the carrier of 7” in K is 8,77. Therefore, if 7” were a fixed simplex 
of Sry, we would have 

Spal” = ST}. 
This is impossible, since S, maps one of the vertices of 7’, namely the 
centroid of T7, into a vertex of K which is not a vertex of S, Tr. 

b) p(S.p, Sup) < .e/n for arbitrary p € || K ||. To show this, we note 
that 5,4: differs from S, only on the sets O;. But according to the defini- 
tion of the sets O; and T; (see 3.511), S,p € Ti for artibrary p € O;. Hence, 
by 3.511, Sup € Tr. Since mesh K < ¢/2n (see the beginning of 3.5), 


6(T;) <e/n and (Šp, Sp) < e/n, 


where ö(T;) is the diameter of T;. This completes the proof. 

$3.6. Remarks on the algebraic number of fixed points. The algebraic 
number of fixed points of a mapping C is, of course, not to be confused with 
the number of fixed points of C. If we denote the latter number by Ne, 
then Ne = | Ac} if, and only if, all the fixed points have index +1 or if 
they all have index —1. If all the fixed points are simple, that is, if the 
index of each fixed point is equal to #1, then we may assert only that. 
Ne > | Ac}; since if r is the number of fixed points of index +1 and v is 
the number of fixed points of index — 1, then Ac = r — vr, Ne = Tr +v. 
We may call this case the “general” case, where the term is to be taken 
in its literal sense; on the other hand, we may call the ease in which the 
index # +1 “exceptional”. The Remark at the end of 2.2 offers some 
justification for this distinction, Therefore, there is some basis in fact for 
asserting that the number of fixed points of a eontinuous mapping ts, “in 
general’, not less than the absolute value of the algebraic number of fixed points. 

We must point out, however, that the exact number of fixed points of a 
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particular contmuous mapping is an aceidental property of the mapping: 
in a topological theory of continuous mappings our central interest does 
not le in the properties peculiar to each individual mapping, but in the 
properties common to a whole class of homotopie (or even homologous) map- 
pings. The degree of a mapping and the algebraic number of its fixed points 
are examples of such properties. It is therefore natural to ask for the mini- 
mum number of fired points which are possible in a prescribed homotopy (or 
homology) class of mappings. We denote this number by Ae (or Ae’), where 
Cis a mapping of the given homotopy (homology) class. Obviously, 
Noe > Xe > Ac’ for arbitrary C. 

Unfortunately, little is known about the numbers Ar and Ar’, except for 
the fact that they are finite for each class derived from Theorem 3.3. Tt is 
true that Ac # 0 implies Xc > Ac’ > 0. On the other hand (see Theorem 
1.5), it is possible to have Ar’ > Ac = 0. For a mapping of a circumference 
into itself of degree c, Ae = 1 — ¢, ke = l — €|; a mapping of a closed 
simplex into itself yields Xe = Ae = 1. 

If we compactify the plane with a point at infinity, to obtain a sphere 
S”, and eonsider a translation of the plane (the point at infinity is the only 
fixed point under this transformation), we obtain a mapping C of 8° onto 
itself of degree 1. Then Ac = 1, Ae = 2 and, consequently, Ae < Ar. The 
problem of investigating the number Ar is interesting and difficult. Nielsen 
has devoted many papers to this subject; his methods are essentially dif- 
ferent from those presented in this book. But, at any rate, the algebraie 
number of fixed points gives the first, and up to the present the most im- 
portant, estimate of the number of fixed points of a continuous mapping. 
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